Mathematica 11.3 Integration Test Results

Test results for the 525 problems in "6.1.7 hyper*m (a+b
sinh”n)*p.m"

Problem 6: Result more than twice size of optimal antiderivative.

JCSCh[C +dx] (a+bsSinh[c+dx]?) dx
Optimal (type 3, 25leaves, 2 steps):

aArcTanh[Cosh[c+dx]] bCosh[c+dx]
- +
d d

Result (type 3, 62 leaves):

bCosh[c] Cosh[dx] @aLog[Cosh[$+eX]] aLog[sinh[$+<X]] peinnic) sinhidx]

- + +

d d d d

Problem 8: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bsSinh[c+dx]?) dx

Optimal (type 3, 40leaves, 2 steps):
(a-2b) ArcTanh[Cosh[c+dx]] aCoth[c+dx] Csch[c+dXx]

2d 2d

Result (type 3, 118leaves):
aCsch[%(c+dx)]2 bLog[Cosh[§+d7x]] aLog[Cosh[i(c+dx)H

- - + +

8d d 2d
bLog[Sinh[§+d7XH aLog[Sinh[% (c+dx)]] aSech[% <c+dx)]2

d 2d 8d

Problem 17: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bSinh[c+dx]2)2d1x

Optimal (type 3, 56 leaves, 5 steps):
a(a-4b) ArcTanh[Cosh[c+dx]] b2Cosh[c+dx] a?Cothl[c+dx] Cschlc+dx]

+ —

2d d 2d
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Result (type 3, 155leaves):

b2 Cosh[c] Cosh[d x] aZCsch[i(Cerx)]2

d 8d
2abLog[Cosh[§+d7XH +aZLog{Cosh[§ (c+dx)]] +2abLog[Sinh[§+dz—XH )
d 2d d
a’ Log(sinh[; {c+dx)]] a®sech[} (crdx)]® b2 Sinh[c] Sinh[dx]
2d 8d d

Problem 18: Result more than twice size of optimal antiderivative.

2

JCsch[c+dx]4 (a+bsinh[c+dx]?)"dx

Optimal (type 3, 40leaves, 4 steps):

a(a-2b)Coth[c+dx] a2Coth[c+dx]3
d 3d

b2 x +

Result (type 3, 85leaves):
(4 (b+aCsch[c+dx12)2 (3b? (c+dx) -aCoth[c+dx] (-2a+6b+aCsch[c+dx]?))
Sinh[c+dx]4)/(3d (2a—b+bCosh[2 (c+dx)])2)

Problem 26: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bSinh[c+dx]2)3dlx

Optimal (type 3, 83 leaves, 5steps):
a? (a-6b) ArcTanh[Cosh[c +dx]]
2d
(3a-b) b2Cosh[c+dx] . b3 Cosh[c+dx]® a3Coth[c+dx] Csch[c+dx]

d 3d 2d

+

Result (type 3, 561 leaves):
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(6 (4a-b) b*Cosh[c] Cosh[dx] Sinh[c+dx]? (aCsch[c+dx] +bSinh[c+dx])3)/
(d (2afb+bCosh[2c+2dx})3) +

(2b3Cosh[3c} Cosh[3dx] Sinh[c+dx]> (aCsch[c+dx] +bSinh[c+dx])3)/
(3d (2a7b+bCosh[2c+2dx})3) -

dx

a*Csch| <+ oy

i ]ZSinh[Cerxf’(aCsch[c+dx]+bSinh[c+dx])3

+

d (2a—b+bCosh[2c+2dx])3
(4(a3—6a2b) Log[Cosh[£+d—XH Sinh[c+dx]? (aCschc+dx] +bSinh[c+dx])3)/
2 2
(d (2a7b+bCosh[2c+2dx}>3) -

(4 (a®>-6a”b) Log[Sinh[£+dfo Sinh[c+dx]? (aCschc+dx] +bSinh[c+dx])3)/
2 2

(d (2a—b+bCosh[2c+2dx}>3) -

dx

a®Sech| +T]Zsinh[c+dx]3 (aCsch[c+dx] +bSinh[c+dx])?

<
2

+

d(2a-b+bCosh[2c+2dx])>
(6 (4a-b) b>sinh[c] Sinh[dx] Sinh[c+dx]? (aCsch[c+dx] +bSinh[c+dx})3)/
(d (2a—b+bCosh[2c+2dx})3) +
(2b3Sinh[3c} Sinh[3dx] Sinh[c+dx]? (aCsch(c+dx] +bSinh[c+dx])3)/
(3d (2a—b+bCosh[2c+2dx})3)

Problem 28: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]7
J dx

a+bSinh[c+dx]?

Optimal (type 3, 109 leaves, 4 steps):

a3 Ar*cTang Cosh[c+d x }
+a-b B

vJa-b b72d b3d 3b2d 5bd

(a2 +ab+b?) Cosh[c+dx] (a+2b)Cosh[c+dx]> Cosh[c+dx]®
+ +

Result (type 3, 165leaves):

1
240b7/2d
1 \/FfjﬁTanh[l(Cerx)] Wﬂix/?Tanh[l(Cerx”
- 240 a* |ArcTan | 2 | +ArcTan| 2 e
Vva-b a-b a-b

30/b (8a2+6ab+5b?) Cosh[c+dx] -

5b2 (4a+5b) Cosh[3 (c+dx) | +3b>2Cosh[5 (c+dx) ]
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Problem 30: Result unnecessarily involves imaginary or complex numbers.

J Sinh[c+dx]?
a+bSinh[c+dx]?

dx

Optimal (type 3, 79leaves, 4 steps):

2 /b Cosh[c+dx
a? ArcTan [ = ] (a+b) Cosh[c+dx] Cosh[c+dx]3
+

~va-b b52d b? d 3bd

Result (type 3, 134 leaves):

Vb -i J?Tanh“— (c+d x)]
A/ a-b

LS \/?Tanh“— (c+d x)w

12 a% |ArcTan| ]
Vab

| +ArcTan|

12b5/2d a-b

3/b (4a+3b) Cosh[c+dx] +b*2Cosh[3 (c+dx) |

Problem 32: Result unnecessarily involves imaginary or complex numbers.

J Sinh[c+dx]3
a+bSinh[c+dx]?

dx

Optimal (type 3, 56 leaves, 3 steps):

A/b Cosh[c+dx
aAr‘cTan[ Vab ] Cosh[c +dx]
+

A/afb b3/2d bd

Result (type 3, 107 leaves):
\b -1 x/a_Tanh“— (c+d x) }

; 1
a Ar‘cTan[ . ] + ArcTan [ W*W?Tanz[z— (crdx) | ]
1 fab =
i +4/b Cosh[c+dx]
b3/2 d "

Problem 34: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sinh[c +d x]

a+bSinh[c+dx]?

dx

Optimal (type 3, 40leaves, 2 steps):
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ArcTan| /b Coshicrdx) C;ib“d XL ]
+

Va-b /b d

Result (type 3, 91 leaves):

\/F—i\/aiTanh{; (c+d x)w
+/ a-b

\/FH‘L\/::TTanﬁ1 (c+dx)] ]

ArcTan |
A/ a-b

| +ArcTan|

Ja-b /b d

Problem 36: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c +dx]
J dx

a+bSinh[c+dx]?

Optimal (type 3, 60 leaves, 4 steps):

/b Cosh[crdx]
\/FArcTan[ Jab ] ArcTanh[Cosh[c +d x]]

ava-bd ad
Result (type 3, 135leaves):

\/F—]’L\ETanh“— (c+dx)w
1 \/FAr‘cTan[ — ] )

~ad a-b

\/F ArcTan [ Vb +i \/?Tank;[; (c+d x)] }
Nre

a-b

+Log[Cosh[§ (c+dx)]] 7Log[Sinh[§ (c+dx)]]

Problem 38: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cschic+dx]3
J dx

a+bSinh[c+dx]?
Optimal (type 3, 88leaves, 5steps):

3/2 A/b_Cosh[c+dx].
b*/2 ArcTan| Jab ] (a+2b) ArcTanh[Cosh[c+dx]] Coth[c+dx] Cschlc+dx]
N -

a2+/a-b d 23a%d 2ad
Result (type 3, 220leaves):
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(2a-b+bCosh[2 (c+dx)]) Csch[c+dx]?

8 b3/2 Ar‘cTan[\/F—i\ETanh“—(udxw ] 8 b3/2 Ar‘cTan[\/FJrjﬁTanh“— (c+dx)w ]
Vab . Vab )
a-b a-b

aCsch[% (c+dx)]2+4(a+2b) Log[Cosh[i (c+dx)H -

4 (a+2b) Log[Sinh[% (c+dx)]] —aSech[% (c+dx)]2 /(16a2d (b+aCschic+dx]?))

Problem 40: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c+dx]°
J dx

a+bSinh[c+dx]?

Optimal (type 3, 130leaves, 6 steps):
b5/2 ArcTan [ w}

Jab (3a?+4ab+8b?) ArcTanh[Cosh[c +d x]]
) a*/a b d ) 8a’d '
(3a+4b) Coth[c+dx] Csch[c+dx] Coth[c+dx] Csch[c+dx]3
8a%d ) 4ad

Result (type 3, 649 leaves):
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1 1

Sech|
e

]

/(2a3\/a—b d (b+aCsch[c+dx]2))] _

—([bS/zAr‘cTan[ (c+dx) | [\/FCosh[ (c+dx)] —Ji\/?Sinh{% (c+dx)]

N

(2a-b+bCosh[2 (c+dx)]|) Cschc+dx]?

Sech]|

N |

(c+dx)] (\/FCosh[

N |

(c+dx” +J'L\/?Sinh[

N |

(c+dx”)]

/(2a3\/a—b d <b+aCsch[c+dx]2)) +

/

(bS/Z Ar‘cTan[
a-b

(2a—b+bCosh[2 (c+dx”) Csch[c +dx]?

((3a+4b) (2a-b+bCosh[2 (c+dx)]) Csch[1 (c+dx)]2Csch[c+dx}2
2

(64a*d (b+aCsch[c+dx]?)) -
(2a-b+bCosh[2 (c+dx)]) Csch[i (c+dx)]4Csch[c+dx}2

+

128ad (b+aCsch[c+dx]?)

N |-

(c+dx)H]/

((3a2+4ab+8b2) (2a-b+bCosh[2 (c+dx)]) Csch[c+dx}2Log[Sinh[§ (c+dx)]])/

((—3a2—4ab—8b2) (2a—b+bCosh[2 (c+dx>]) Cschic+dx]?Log[Cosh|
(

16a*d (b+aCsch[c+dx]?)) +

(16a*d (b+aCsch[c+dx]?)) +

((3a+4b) (2a-b+bCosh[2 (c+dx)]) Csch[c+dx]25ech{§ (c+dx”2]/

(64a*d (b+aCsch[c+dx]?)) +
(2a-b+bCosh[2 (c+dx)]) Csch[c+dx]25ech[§ (c+dx)}4

128ad (b+aCschc+dx]?)

Problem 43: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]3
J dx

(a+bSinh[c+dx]2)2

Optimal (type 3, 90 leaves, 3 steps):

(a-2b) ArcTan| /b Coshlcsdx]. ]
Vab

2 (a-b)*2p32d 2 (a-b)bd(a-b+bCoshlc+dx]2)

aCosh[c+dx]

Result (type 3, 141leaves):
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1 1
2b3/2d (a_b)3/2
\/F—i\/?Tanh[l(c+dxH \/F+JiﬁTanh[l(c+dx>]
2 2
(a-2b) ArcTan | | +ArcTan| ]| -
a-b a-b

2a+/b Cosh[c+dx]
(a-b) <2a—b+bCosh[2 (c+dx)])

Problem 45: Result unnecessarily involves imaginary or complex numbers.
J Sinh[c +dx]
(

a+bSinh[c+dx]2)2

dx

Optimal (type 3, 81 leaves, 3 steps):

/b Cosh[c+dx
ArcTan { Jab } Cosh[c +dx]
+

2(a_b)3/2\/3d 2(a-b)d(a-b+bCosh[c+dx]?)

Result (type 3, 130leaves):

. ArcTan [ \m—j\/?Tanh“— (c+dx)w } + ArcTan [ \/FH‘L\/?Tanh“— (c+dx)w ]
1 Ja-b “Ja-b

2d (a—b)S/Z\/F

+

2 Cosh[c +dx]
(a-b) (2a—b+bCosh[2 (c+dx)])

Problem 47: Result unnecessarily involves imaginary or complex numbers.

J Csch[c +dx]
(a+bsinh[c+dx]?)?

dx

Optimal (type 3, 110leaves, 5steps):
(3a-2b) \/FAr‘cTan[L;Lb Coshic:dx] |

. Jab
2a% (a-b)*?d
ArcTanh[Cosh[c +d x]] b Cosh[c +dx]
a?d 72a(a—b)d(a—b+bCosh[c+dx}2)

Result (type 3, 189 leaves):
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1
2a%d

\/Fafi\ETanhB—(mdx)} ]

Vb -i+a Tanh|L (c+dx)
\/F(f3a+2b) Ar‘cTan[ \/Tb{z J] +\/F(72»a+2b) Ar‘cTan[ N 7

(a_b>3/2 (a_b)S/z

2abCoshfc+dx]
(a-b) (2a-b+bCosh[2 (c+dx)])

_2Log[Cosh[§ (c+dx)]] +2Log[Sinh[§ (c+dx)]]

Problem 49: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c+dx]3
J dx

(a+bSinh[c+dx]2)?

Optimal (type 3, 161 leaves, 6 steps):
(5a-4b) b*?2 Ar‘cTan[w]

Jab (a+4b) ArcTanh[Cosh[c +d x] ]
N _
2a% (a-b)*?d 2a°d
(a-2b) bCosh[c+dx] Coth[c+dx] Cschlc +dx]

2a? (a-b)d(a-b+bCosh[c+dx]?) " 2ad (a-b+bCosh[c+dx]?)

Result (type 3, 391 leaves):
1

32a3d (b+aCsc:h[c+dx}2)2

2
(2a-b+bCosh[2 (c+dx)]) Csch{c+dx]? 8ab Coth[c+dx]+ = 4 (5a-4b)b>?

a-b (a—b)3/2

ij\/;Tanh[l(Cerx)] 1
2 | (2a-b+bCosh[2 (c+dx)]) Csch[c+dx] + —————
Y (a-b)*?
\/?HiﬁTanh[% (c+dx) ]

a-b

ArcTan |

4 (5a-4b) b>?ArcTan| | (2a-b+bCosh[2 (c+dX)])

1 2
Csch{c+dx] -a (2a-b+bCosh[2 (c+dx)])Csch[~ (c+dx)| Cschlc+dx] +

2
(erax]]] -

(C+dX)H—

4 (a+4b) (2a—b+bCosh[2 <c+dx)]) Cschic +dx] Log[Cosh]|

4 (a+4b) (2a-b+bCosh[2 (c+dx)]) Csch[c+dx] Log[Sinh]|

a(2a-b+bCosh[2 (c+dx)]) Csch[c+dx] Sech| (c+dx)]2

N |
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Problem 52: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]3
J dx
(

a+bSinh[c+dx]?)’

Optimal (type 3, 135leaves, 4 steps):

(a-4b) ArcTan [ Yb-Coshic-dx] |
Vab

8 (a-b)*?b*2d

aCosh[c+dx] (a-4b) Cosh[c+dx]

+

4(a-b)bd(a-b+bCosh[c+dx]2)? 8 (a-b)’bd (a-b+bCosh[c+dx]?)

Result (type 3, 170leaves):

1 1
8b3/2d (aib)S/Z
\/Ffj\/?Tanh[l(CerxH \er]'l\/?Tanh[l(CerX)]
2 2
(a-4b) ArcTan | | +ArcTan| 1+
a-b a-b

(Zx/FCosh[c+dx] (-2a’-5ab+4b*+ (a-4b) bCosh|2 (c+dx)”)/

((a-b)* (2a-b+bCosh[2 (c+dx)])?]

Problem 54: Result unnecessarily involves imaginary or complex numbers.

Sinh[c +d x]
j dx
(

a+bSinh[c+dx]?)’

Optimal (type 3, 118 leaves, 4 steps):
3 ArcTan [ +/b Cosh[c+dx }

Va-b Cosh[c +dx] N 3 Cosh[c+dx]
8 (a-b)*?+/b d 4(a-b)d(a-b+bCosh[c+dx]2)? 8 (a-b)?d(a-b+bCosh[c+dx]?)

Result (type 3, 149leaves):

3 ArcTan[W—jﬁTanh{; (c+dx)] } +ArcTan[W+j\/a7TanhL— (c+dx)] }
ab Vb
- +
8d (a_b]*2+/b

2Cosh{c+dx] (18a-7b+3bCosh[2 (c+dx) )

(a—b)2 (2a-b+bCosh|2 (c+dx)])2
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Problem 56: Result unnecessarily involves imaginary or complex numbers.

J Csch[c +dx] q
X

(a+bsinh[c+dx]2)?

Optimal (type 3, 166 leaves, 6 steps):

2 _ 2 y/b Coshfcrdx]
Vb (15a2-20ab+8b?) ArcTan| e ] ArcTanh[Cosh[c + d x] ]

8 a3 <a7b>5/2d a*d

b Cosh[c +dx] (7a-4b) bCosh[c+dx]

4a(a-b)d(a-b+bCosh[c+dx]2)? 8a2(a-b)*d (a-b+bCosh[c+dx]?)

Result (type 3, 329 leaves):
Y (15a2-20ab +8b?)
ga’ (a-b)*'*d

1

ArcTan | Sech|

— A (c+dx)] [\/FCosh[i (c+dx)] —jﬁsinh[i (c+dx” |-

1

————————/b (15a®-20ab+8b?)
ga’ (a-b)>'*d

ArcTan| Sech[l (c+dx)} (\/FCosh[l (c+dx)] +J'1\/?Sinh[l <c+dx)] ] -
JaTb 2 2 2
b Cosh[c +d x] -7abCosh[c+dx] +4b%Cosh[c+dx]

a(a-b)d(2a-b+bCosh|2 (c+dx)])2 +4a2 (a-b)?>d (2a-b+bCosh[2 (c+dx)])
Log[Cosh[i (c+dx)]] Log[Sinh[i (c+dx)]]

N
a3d a3d

Problem 58: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c+dx]3
J dx
(

a+bSinh[c+dx]2)3

Optimal (type 3, 224 leaves, 7 steps):
b3/2 (3582 - 56 a b + 24 b2) ArcTan [ LB Coshicedxl |

Jab
8a* (a-b)>?d
(a+6b) ArcTanh[Cosh[c +dx]] (2a-3b) bCosh[c+dx]
2a%d 74a2(a—b)d(a—b+bCosh[c+dx]2)27
(a—4b) (4a—3b) b Cosh[c +dx] Coth[c+dx] Csch[c+dx]

8a* (a-b)?d (a-b+bCosh[c+dx]2) 2ad(a-b+bCosh[c+dx]?)?

Result (type 3, 462 leaves):
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1

(2a—b+bCosh[2 (c+dx)]) Csch[c+dx]°?
4 2\3
64a*d (b+aCschlc+dx]?)

8a2b2Coth[c+dx] 2a(1l1a-8b)b?(2a-b+bCosh[2 (c+dx)]|) Coth[c+dx]

+ +

a-b (a-b)?
\/Ffj\/?Tanh Licidx
b*/2 (35a%*-56 ab + 24 b?) ArcTan | [2 ( )]
(a-b)°? a-b
1

(2a-b+bCosh[2 (c+dx)])2Csch[c+dx] + ——————b*¥2 (3522 -56ab+24b?)
(a_b)s’2

1

]

\/FJrJ'L\ETanh[l (c+dx)]
ArcTan | 2 ]<2a—b+bCosh[2(c+dx)])2Csch[c+dx]—
a-b

a(2a-b+bCosh|2 (c+dx)])2Csch[§ (c+dx)]2Csch[c+dx] +

4 (a+6b) (2a-b+bCosh|2 <c+dx)])2Csch[c+dx] Log[Cosh[l (c+dx)]]-
2

4 (a+6b) (2a-b+bCosh|2 <c+dx)])2Csch[c+dx] Log[Sinh[l (c+dx)]] -
2

a(2a-b+bCosh|2 (c+dx)])2Csch[c+dx] Sech[% (c+dx”2

Problem 71: Result unnecessarily involves imaginary or complex numbers.

jsinh[eJr-Fx]“\/a+bSinh[e+-Fx]2 dx

Optimal (type 4, 300 leaves, 7 steps):
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(a-4b) Cosh[e+fx] Sinh[e+fx] \/aerSinh[eﬂcx]2
15b f

+

Cosh[e + f x] Sinh[e+fx]3\/a+bSinh[e+fx]2
5f

+

b
((2 a’+3ab-8b?) EllipticE[ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx]
a

Sech[e+fx]? (a+bSinh[e+fx]2)
\/aerSinh[eﬂcx]2 / 15 b2 f -

a

b
((a—4b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/aerSinh[eJr-Fx}2
a

/

Sech[e+fx]? (a+bSinh[e+fx]?)
15b f
a

(2a?+3ab-8b?) \/a+bSinh[e+1Cx}2 Tanh[e + f x]
15b2 f

Result (type 4, 210leaves):

- b+ b Cosh f
2a-b+bCosh[2 (e+fx)] EllipticE[i (e +fx), E] -
5 a

161 a (232+3ab8b2)\/

2a-b+bCosh[2 f
321‘1a(a2+ab2b2)\/ a-brbCosh|2 (e fx)] EllipticF|i (e+fx),9}+
a a

V2 b(8a2-48ab+25b2+4 (4a-7b) bCosh[2 (e+fx)]+3b2Cosh[4 (e+fx)])

sinh[2 (e+fx)| /(24@b2f\/2a7b+bCosh[2 (e +x)]| )

Problem 74: Result unnecessarily involves imaginary or complex numbers.

JCs:ch[eJr-Fx]z\/aerSinh[e+-Fx]2 dx

Optimal (type 4, 199 leaves, 7 steps):
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Coth[e + f x] \/a+bSinh[e+1‘:x]2
.F

b
(EllipticE[Ar‘cTan[Sinh[e+fx}], 1- —] sechfe+fx] \/a+bSinh[e+fx}2
a

/

+

-F\/Sech[eJr-Fx}z (a+bsinhfe+fx]?)

a

b
(b EllipticF[Ar‘cTan[Sinh[e+fx] 1,1~ —} Sech[e + f x] \/a+bSinh[e+Fx]2
a

/

1‘:\/Sech[eJr-Fx]z (a+bsinh[e+fx]?) \/a+bSinh[e+1"x]2 Tanh[e + f x]
a +

a f
Result (type 4, 151 leaves):

V2 (-2a+b-bCosh[2 (e+fx)]) Coth[e+fx] -

2a—b+bCosh[2 (e+fx)] b
21ia EllipticE[i (e+fx), —] +
a a

2]Il(ab)\/2a—b+bCosh[2(e+fXH EllipticF[i (eﬂcx),g}/

a a

(zf\/2a7b+bCosh[2 (e+fx)] )

Problem 75: Result unnecessarily involves imaginary or complex numbers.

JCsch[eﬂ‘:x]“\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 276 leaves, 7 steps):
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(2a-b) Coth[e+fx]+/a+bsinh[e+fx]? Cothle+fx] Cschle+fx]?~/a+bSinh[e+fx]2
3af 3f

+

b
((2a—b> EllipticE[ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1‘:x}2 )/
a

Sech[e+fx]? (a+bSinh[e+fx]2?)
3af

a

b
(b EllipticF[ArcTan[Sinh[e +fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1‘:x]2
a

/

5 1C\/Sech[eﬂ‘:x]z(a+bSinh[e+1‘x]2) (2a-b) \/a+bSinh[e+fx}2 Tanh[e + f x]
a —
a 3af

Result (type 4, 342 leaves):

%\/Za—b+bCosh[2 (e+fx) |

(Zx/TaCosh[eﬂcx} —\/TbCosh[eﬂcx]) Cschle + f x] Cothle + fx] Csch[e + fx]2

6a 342

+

a

b =
2\/2a—b+bCosh[2 (e+fo

Jib\/zab*bmswz(e*fx” EllipticF[i (e+fx), 2]
1 a

3af

zﬁaJ“b*bC“:” B0l EllipticE[d (e« fx), 7]
j[—ﬁa+ b J -
V2 \/2a7b+bCosh[2 (e+fx)]

a

V2 (23—b> \/2ab+bCosh[2 (e+fx)] ElliptiCF[i (e+'Fx>, 2}

\/Za—b+bCosh[2 (e+fx)]

Problem 82: Result unnecessarily involves imaginary or complex numbers.

JSinh[eJrfx]4 (a+bSinh[e+Fx]2)3/2d1x

Optimal (type 4, 367 leaves, 8steps):
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(a2-11ab+8b?) Cosh[e + fx] Sinh[e + fx] \/aerSinh[e+-Fx]2
35bf

+

2 (4a-3b) Coshle+fx] Sinh[e+Fx]*+/a+bsinh[e+fx)2
35 f

+

b Cosh[e + f x] Sinh[e+1cx]5\/a+bSinh[e+1cx]2
7f

+

b
(2 (a-2b) (a®>+4ab-4b?) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e +fX]
a

Sech[e+fx]? (a+bSinh[e+fx]?)
Ja+bsinh[e«fx]? / 35 b2 £

a

b
((az—llab+8b2) EllipticF [ArcTan[Sinh[e +fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1‘:x12
a

/

Sechle+fx]? (a+bSinh[e+fx]?)
35bf -
a

2 (a-2b) (a?+4ab-4b?) \/aerSinh[eJr-Fx}2 Tanh[e + f x]
35b% f

Result (type 4, 262 leaves):
1

2240b2 f/2a-b+bCosh[2 (e+fx)]

2a-b+bCosh|2 (e+fx)]

EllipticE[i (e+fx), E] -
a a

128 i a (a3+2a2b-12ab2+8b3)

2a-b+bCosh[2 (e+f
a-brblosh|2fexfx)] EllipticF|[i (e+fx),9]+
a a

64ia(2a’+3a’b-13ab’+8b%)
V2 b (32a°-496a’b+684ab?-250b° + b (144 2% - 480 ab + 299 b?) Cosh[2 (e+fx) ] +

2 (26a-27b) b>Cosh[4 (e+fx)|+5b’Cosh[6 (e+fx)|) Sinh[2 (e+fx)]

Problem 85: Result unnecessarily involves imaginary or complex numbers.

stch[eﬂcx]2 (a+bSinh[e+-Fx]2)3/2d1x

Optimal (type 4, 204 leaves, 6 steps):
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aCoth[e+ f x] \/a+bSinh[e+1‘:x}2
.F

/

b
((a+b) EllipticE [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+fx}2
a

+

-F\/Sech[eJr-Fx}z (a+bsinhfe+fx]?)
a

b
(2bEllipticF[Ar‘cTan[Sinh[e+Fx]}, 1- —| sechfe+fx] \/a+bSinh[e+Fx]2 /
a
-F\/Sech[eJr-Fx}z(a+bSinh[e+fX]2> (a+b>\/a+bsinh[e+fx]2 Tanh[e + f x]
+
a f

Result (type 4, 155leaves):

-1la \/7<2a—b+bCosh[2 (e+fx)]) Cothle+fx] +

| o

Q

2a-b+bCosh[2 (e+f
21’1(a+b)\/ a-brbCosh[2 fe+ £x] EllipticE[i (e +fx),
a

o

2]1(ab)\/za_mbcoswz(“ﬂ)] EllipticF[i (e+fx), —] /

[\)]

(z-F\/Za—berCosh{Z (e+fx)] )

Problem 86: Result unnecessarily involves imaginary or complex numbers.

stch[eﬂcx]4 (a+bsSinhle+fx]?)*?dx

Optimal (type 4, 267 leaves, 7 steps):
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2 (a-2b) Coth[e + fx] \/aerSinh[emcx]2
3f

aCoth[e + f x] Csch[e+fx]2\/a+bSinh[e+fx]2
3f

+

b
(2 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- —]| Sech[e + f x] \/a+bSinh[e+-Fx]2
a

/

-F\/Sech[eJr-Fx]z (a+bsinh[e+fx]?)

a

b
((a—3b) bEllipticF[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+-Fx]2
a

/

5 -F\/Sech[ewa]Z (a+bsinh[e+fx]?) 2 (a-2b) \/a+bSinh[e+Fx}2 Tanh[e + f x]
a

a 3f

Result (type 4, 335leaves):

%\/2a7b+bCosh[2 (e+fx)]

1 aCoth[e+fx] Csche+fx]?
[—(\EaCosh[eﬂcx]Z\EbCosh[eJrfx])Csch[eJrfx] [e+fx] [erfx]?)

3 372

i b\/“‘b*b“sm2 @0l EllipticF[i (e« fx), ?]

LRV A i L
3f \/7\/2a—b+bCosh[2(e+-Fx>] 2b
2ﬁaJ2“*bc°5:“ B0l EllipticE[d (e+fx), 2]
i(-a+2b) -

\/2a7b+bCosh[2 (e+fx)]

V2 (2a—b) \/2ab+bCosh[2(e+‘FXH EllipticF[J'L (e+'Fx>, 5]

a

\/Za—b+bCosh[2 (e+fx)]

Problem 102: Result unnecessarily involves imaginary or complex numbers.

Sinh[e+ fx]*

dx

Ja+bsinh[e+ fx]?

Optimal (type 4, 229 leaves, 6 steps):
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Cosh[e +fx] Sinh[e + f x] \/aerSinh[eHCx]2
3bf

+

b
(2 (a+b) EllipticE |ArcTan([Sinh[e+fx]], 1- —| Sech[e +fX] \/a+bSinh[e+fx}2
a

/

Sech[e+fx]%2 (a+bSinh[e+fx]?
3b2fJ [ 12 [ 12)

a

b
(EllipticF[Ar‘cTan[Sinh[e+fx]], 1- —] Sech[e + f Xx] \/aerSinh[eJrfx}2
a

/

3b-':\/Sech[eercx]2 (a+bsinh[e+fx]?) 2 (a+b) \/aerSinh[e+-Fx]2 Tanh[e + f x]

a 3b%f

Result (type 4, 168 leaves):

2a-b+bCosh|2 f
41‘m/?a(a+b)\/ a-brbCosh[2 (e £x)] EllipticE[i (eﬂcx),g]f
a a
2a-b+bCosh|2 f
Zj\/?a(Zaer)\/ a-o+ OS[ (e+ XH EllipticF[j (e+Fx),E]+
a a

b(2a-b+bCosh[2 (e+fx)])Sinh[2 (e+fx)] /(szf\/4a—2b+2bCosh[2 (e+fx)] )

Problem 105: Result unnecessarily involves imaginary or complex numbers.

Cschle + fx]?

dx

\/aerSinh[eJr-Fx}2

Optimal (type 4, 134 leaves, 5steps):

Coth[e + f x] \/a+bSinh[e+1“x12
af

b
(EllipticE[Ar‘cTan[Sinh[e+fx}], 1- —] sechfe+fx] \/a+bSinh[e+1Cx}2 J/
a

-F\/Sech[eJrFx]z (a+bsinhfe+fx]2) | +/a+bSinhle+fx]2 Tanh[e+fx]
a +
a af

Result (type 4, 150leaves):
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2 (—2a+b—bCosh[2 (e+fx>]) Coth[e + fx] -

| o

Q

2a-b+bCosh[2 (e+fx) |
2ia EllipticE[i (e+fx),
a

0 |o
\

2a-b+bCosh[2 (e+fx) |
2ia EllipticF[i (e +fx),
a

(zaf\/Za—berCOSh[Z (e+Fx)] )

Problem 106: Result unnecessarily involves imaginary or complex numbers.

Cschje+fx]*

dx

Ja+bSinh[e+fx]?

Optimal (type 4, 267 leaves, 7 steps):

+

2 (a+b) Cothle+fx] \/a+bSinh[e+-Fx]2 Cothle + fx] Csch[e+fx]2\/a+bSinh[e+fx]2
3a%f 3af

b
(2 (a+b) EllipticE |[ArcTan([Sinh[e+fx]], 1- —| Sech[e +fX] \/a+bSinh[e+1°x}2 )/
a

5 21‘:\/Sech[eﬂ‘:x]z (a+bsinhle+fx]2)
a
a

/

352 \/Sech[emcx]z<a+bSinh[e+fx]2) Z(aer)\/aerSinh[eJrFx]2 Tanh[e + f x]
a

b
(b EllipticF |[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+Fx]2
a

a 3a2f

Result (type 4, 338leaves):
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%\/Za—berCosh[z <e+-Fx)]

(\/TaCosh[ewa] +\EbCosh[e+Fx]) Cschie + fx] Coth[e + fx] Cschle + fx]2

3 a2 34/2 a
]lb\/zab+bCOSh[2 (B0l EllipticF[i (e+fx), 2]
1 a @ 1
—V2 b -
3a°f \/?\/Za—berCosh[Z(eJrfx)] 2b
2\/7a\/2""b*bc"s‘:2 (B0l EllipticE[i (e+Fx), g]
1 (a+b> -

\/Za—b+bCosh[2 (e+fx)]

\/7 (2a7b> \/2ab+bCosh[2 (e+fx) 1 ElliptiCF[]l (e+fx>, g}

a

\/Za—b+bCosh[2 (e+Fx”

Problem 111: Result unnecessarily involves imaginary or complex numbers.

dx

J Sinh[e+ fx]®
(

a+bS.inh[e+-Fx]2)3/2

Optimal (type 4, 341 leaves, 7 steps):

aCosh[e+fx] Sinh[e + fx]3 (4a-b) Cosh[e+fx] Sinh[e +fx] \/a+bSinh[e+fx]2

- + +

(a-b)bf~fa+bSinhlefx]2 3(a-b)b*f

b
((8 a’-3ab-2b*) EllipticE|[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx]
a

Sech[e+fx]2 (a+bSinh[e+fx]?
\/a+bSinh[e+Fx]2 / 3(ab)b3f\/ [ 12 { [ 12) )

a

b
((4a—b) EllipticF|[ArcTan[Sinh[e +fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1‘:x}2 )/
a

3 (afb) bzf\/Sech[eﬂcx]2 (a+bsinh[e+fX]z)
a

(8a?-3ab-2b?) \/a+bSinh[e+fx12 Tanh[e + f x]
3(a-b)b*f
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Result (type 4, 211 leaves):

2a-b+bCosh[2 (e+fx) ]|

b
EllipticE[i (e+fx), —] -
a a

2iV/2 a (SaZ—Bab—zbz)\/

2a-b+bCosh|2 f
a-b+bCosh| (e X)] EllipticF|i (e+Fx), E] -
a a

21ﬁa(8a2—7ab—b2)\/

b(-8a’+3ab-b’+b (-a+b) Cosh[2 (e+fx)])Sinh[2 (e+fx)] /

(6 (a-b)b>f./4a-2b+2bCosh[2 (e+Fx)] )

Problem 112: Result unnecessarily involves imaginary or complex numbers.

dx
3/2

J Sinh[e+fx]*
(a+bsSinh[e+fx]?)

Optimal (type 4, 256 leaves, 6 steps):
aCoshle+fx] Sinh[e + f x]

(a-b) bf+/a+bSinhle+fx]?

b
((2a—b) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+1‘:x12 )/
a

+

(a-b) szc\/Sech[eﬂcx]2 (a+bsinh[e+fx]?)
a

b
(EllipticF[Ar‘cTan[Sinh[e+fx}], 1- —] Sech[e+fx] \/a+bSinh[e+1‘:x}2 )/
a

+

: b)bf\/Sech[erFx}z(a+bSinh[e+fx}2)
a7

a

2a-b)+/a+bSinh[e+fx]%2 Tanh[e + fx]
( )
(a-b) b*f

Result (type 4, 156 leaves):
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2a-b+bCosh[2 (e+f
a 2]1(2ab>\/ a-brbCosh[2 (e £x)] EllipticE[i (e +fx), E]+4]‘1(a—b)
a a

\/23b+bCOSh[2 (e )] EllipticF|i (e+fx),9]—\/7b51"h[2 (e +Fx)] /
a a

[2(a-b)b2F[2a-brbcosh[2 (e fx]] |

Problem 115: Result unnecessarily involves imaginary or complex numbers.

Csch[e + fx]?
J dx
(

a+bSinh[e+-Fx]2)3/2

Optimal (type 4, 290 leaves, 7 steps):

b Coth[e + f X] (a—2b)Co’ch[e+-Fx]\/a+bSinh[e+1‘x]2

a(a-b) fa+bsinh[e+fx]?2 a* (a-b) f

b
((a—Zb) EllipticE[ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1‘:x}2 )/
a

a2 (afb) _F\/Sech[e+1‘:x]2 (a+bSinh[e+-FX]2>
a

/

b
(b EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a +bSinh[e+ fx]?
a

+

a2 (afb) _F\/Sech[e+fx]2 (a+bSinh[e+-FX]2>

a

(a-2b) \/aerSinh[eH’x]2 Tanh[e + f x]
a’(a-b) f

Result (type 4, 185leaves):
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-(2a*-3ab+2b*+ (a-2b) b Cosh|[2 (e+-Fx)]) Coth[e + fx] -

2a-b+bCosh|2 f
a-b+bCosh| (e XH EllipticE[i (e+fx), E} +
a a

Ji\/Ta(a—Zb)\/

2a-b+bCosh|2 (e+fx)]

EllipticF[i (e+fx), 9} /
a a

jﬁa(ab)\/

(az (afb) -F\/4a—2b+2bCOSh[2 <e+'FX)] )

Problem 120: Result unnecessarily involves imaginary or complex numbers.

Sinh[e+ fx]®
J( dx

a+bSinh[e+Fx]2)5/2

Optimal (type 4, 344 leaves, 7 steps):
aCoshfe +fx] Sinh[e + fx]3 2a(2a-3b) Cosh[e+fx] Sinh[e+fx]

3(a-b)bf (a+bSinhfe+fx]?)>? 3 (a_b)zbszawSinh[eﬁx}z

b
((8 a’-13ab+3b?) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f ]
a

Ja+bSinh[e+fx]?

a

/ 3(ab)2b31:\/Sech[e+1‘:x12(a+bSinh[e+1‘:x]2) X

b
(2 (2a-3b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/aerS.inh[e+-Fx]2
a

/

+

3 (ab)zbzf\/Sech[e+fx}2 <a+bSinh[e+-FX]2>
a

(8a%?-13ab+3b?) \/a+bSinh[e+-Fx]2 Tanh[e + fx]
3(a-b)?b*f

Result (type 4, 207 leaves):
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[a

3/2

b
EllipticE[i (e+fx), —]+
a

2a-b+bCosh[2 f
—21a<8a2—13ab+3b2)( a-b+bCosh[2 (e+fx)]

a

2a-b+bCosh|2 f 32
Zja(8a217ab+9b2)[ a-brbCosh[2 [e- X)]J EllipticF i (e+fx),9}+
a

|/

V2 b (-8a*>+17ab-7b’+b (-5a+7b) Cosh|[2 (e+-Fx)]) Sinh|[2 (e+fx>]

(6 <a—b>2b3f (2a-b+bCosh|2 (e+fx>])3/2)

Problem 121: Result unnecessarily involves imaginary or complex numbers

Sinh[e+ fx]*
J dx
(a+bSinh[e+-Fx]2)5/2

Optimal (type 4, 244 leaves, 5steps):
aCosh[e+ fx] Sinh[e + fx]

.
3(a-b)bf (a+bsSinh[efx]2)>?

/b Sinh[e+fx

2+a (a-2b) Cosh[e +fx] EllipticE [ArcTan| i |, 1- %]

h\2p3/2 aCoshle+fx]? s 2
3(a-b)"b¥2f T ——— \/a+b51nh[e+fx]

b
(a-3b) EllipticF|[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f ] \/aerSinh[eJr-Fx}2
a

/

3a (a_b>2bf\/5ech[e+fx]2 (a+bSinh[e+-Fx]2)

a

Result (type 4, 198 leaves):

3/2

EllipticE[i (e+fx), 9] -

S i a2 (a—Zb) (2ab+bCosh[2 (e+fx)]

a

a

2a-b+bCosh(2 f 3/2
ja(2a275ab+3b2> 2 ’ OS[ (e+ XH

a

EllipticF[i (e+fx), E] -

/

V2 b(-a’+4ab-2b?- (a-2b) bCosh[2 (e+fx)])Sinh[2 (e+fx)]

(3 (a-b)?b?f (2a-b+bCosh[2 (e+fx>])3/2)

Problem 124: Result unnecessarily involves imaginary or complex numbers.
J Cschle + fx]?
(

a+bSinh[e+-Fx]2)5/2

dx
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Optimal (type 4, 385 leaves, 8steps):
b Coth[e + f x] 2 (3a-2b) bCothle+fx]

3a(a-b)f(avbsinhierfx1?)*" 3.2 (5 b)2f.[a bsinhies fx]?

(3a2-13ab+8b?) Cothle+ fx] +/a+bsSinh[e+fx]2
3a3 <a—b)2f

b
((3 a’-13ab+8b?) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f ]
a

\/aerSinh[eH‘:x]2

/ - <a_b>21c\/Sech[e+1:x}2(a+bSinh[e+1‘:x]2) )

a

b
(2 (3a-2b) bEllipticF [ArcTan([Sinh[e+fx]], 1- —| Sech[e+fX] \/a+bSinh[e+fx]2
a

/

+

333 <a_b>2f\/SECh[e+'Fx]2 <a+bSinh[e+'Fx]2>
a

(3a?-13ab+8b?) \/a+bSinh[e+fx]2 Tanh[e + f x]
3a3 <a—b)2f

Result (type 4, 234 leaves):
1

12 a3 (afb)zf (2a-b+bCosh[2 (e+fx>])3/2

2a-b+bCosh|2 (e+fx)] 3/2

4 32

i ((73a2+13ab—8b2) EllipticE i (e+fx),9}+

a

a
(3a>-7ab+4b?) EllipticF[i (e+fX), E]] +
a
2i2 (3 (a-b)?(2a-b+bCosh[2 (e+fx)])2Coth[e+-Fx] -2a(a-b)b*sinh[2 (e+Fx)] -

(7a-5b) b* (2a-b+bCosh[2 (e+fx)]) Sinh[2 (e+Fx)])

Problem 130: Unable to integrate problem.

J(dsinh[ewa])'" (a+bsinhf[e+fx]?)Pdx

Optimal (type 6, 128 leaves, 3 steps):

1 1 1-m 3 , bCoshle+fx]?
~d AppellFi[—, » =P, —, Coshle+fx]?, -—————————| Cosh[e+fx]
f 2 2 2 a-b
bCosh[e+fx]2) P o
(a-b+bCoshesfx)?)P |1+ =MD T ysinhie « £x]) " (sinh[e s £x)2) 7

a-b
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Result (type 8, 27 leaves):

J(dsinh[ewa])m (a+bsinh[e+fx]*)Pdx

Problem 131: Unable to integrate problem.

JSinh[eJrfx]5 (a+bsinh[e+fx]?)Pdx

Optimal (type 5, 226 leaves, 5 steps):
(3a+2b(2+p)) Cosh[e+fx] (a-b+bCoshle+fx]2)"P

- +

b2 f (3+2p) (5+2p)

((3a2+4ab (1+p) +4b®> (2+3p+p?)) Coshle+fx] (a-b+bCosh[e+fx]*)P

bCosh[e+fx]%)P . 1 3 b Cosh[e + f x]?
1+ ———————| Hypergeometric2fF1[~, -p, =, -— | /
a-b 2 2 a-b
Cosh[e+fx] (a-b+bCosh[e+fx]2)*PSinh[e+fx]2
b2 (322p) (5+2p)) » e P Le + £x1%) Ahaid
bf (5+2p)

Result (type 8, 25leaves):

Jsinh[ewl:x]5 (a+bsinhfe+fx]?)”dx

Problem 132: Unable to integrate problem.

JSinh[eJrfx]?’ (a+bsinh[e+fx]?)Pdx

Optimal (type 5, 137 leaves, 4 steps):
Coshle + fx] (a—b+bCosh[e+fx]2)1*p 1
bf(3+2p) _b-F(3+2p)
(a+2b (1+p)) Cosh[e+fx] (a-b+bCoshle+fx]?)”
{1+bCOSh[e+'FX]2 P 3 b Cosh[e + f x]?

1
Hypergeometr‘iCZFl[—, -P, =, - —}
a- b 2 2 a-— b

Result (type 8, 25leaves):

JSinh[e+-Fx]3 (a+bsinh[e+fx]?)Pdx

Problem 134: Unable to integrate problem.

JCsch[eJrfx] (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 88leaves, 3 steps):
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b Cosh[e + f x]?
. a-b ]
bCosh[e+fx]2)P

a-b

1 1 3 X
—prpellFl[f, 1, -p, —, Cosh[e+fx]*,
f 2 2

Coshle+fx] (a-b+bCosh[e+fx]?)P |1+

Result (type 8, 23 leaves):

JCsch[eﬂcx] (a+bsinh[e+fx]%)Pdx

Problem 135: Unable to integrate problem.

jCSCh[EJr'FX]S (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 87 leaves, 3 steps):
bCosh[e+Fx}2}
a-b
bCosh[e+fx]2)7P

a-b

1 1 3 5
prpellFl[f, 2, -p, —, Cosh[e+fx]*, -
f 2 2

Cosh[e+fx] (a-b+bCosh[e+fx]*)P |1

Result (type 8, 25leaves):

JCsch[eﬂcx]3 (a+bsinh[e+fx]%)Pdx

Problem 136: Unable to integrate problem.

JCsch[eﬂcx]s (a+bsinhfe+fx]?)”dx

Optimal (type 6, 88leaves, 3 steps):
bCosh[e+-Fx]2]
a-b
b Cosh[e+fx]2)P

a-b

1 1 3 X
—prpellFl[f, 3, -p, —, Cosh[e+fx]*, -
f 2 2
Cosh[e+fx] (a-b+bCosh[e+fx]?)" |1
Result (type 8, 25leaves):

JCsch[e+fx]5 (a+bsinh[e+fx]?)Pdx

Problem 137: Unable to integrate problem.

Jsinh[eﬂ‘:x]4 (a+bsinh[e+fx]?)?dx

Optimal (type 6, 103 leaves, 3 steps):
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7 . , bSinhfe+fx]?
, -p, —» -Sinhje+fx]*, - ——————

2 a
bSinh[e+fx]?

1
prpellFl[
5f

N R

| \/Cosh[e +fx]?

)

N U

-p

Sinh[e+fx]* (a+bSinh[e+fx]?)" |1+ Tanh[e + fx]

a

Result (type 8, 25leaves):

JSinh[e+'FX]4 (a+bsinh[e+fx]?)?dx

Problem 138: Result more than twice size of optimal antiderivative.

jsinh[eJr-Fx]2 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 101 leaves, 3 steps):
(a-b) Tanh[e+fx]?

1 3 5 ,
——AppellFl[ =, 2+p, -p, —, Tanh[e+fx]?,
3f 2 2

]

(a-b) Tanh[e+fx]2)P

a

(Sech[e+fx]?)P (a+bSinh[e+fx]%)P Tanh[e+fx]? [1-
a

Result (type 6, 250 leaves):

2
zzp\/w <2a_b+bCOSh[2 (e+fx)])1+p
-a+

=

1 2a-b+bCosh[2 (e+fx) |
~2a (2+p) AppellFi[1+p, —, S’ 2+p, s

N

2a

2a—b+bCosh[2<e+-Fx)] 1 1
| + (1+p) AppellF1[2+p, =, =, 3+p,
2 (a-b) 272
2a-b+bCosh|2 f 2a-b+bCosh|2 f
a-b+bCosh| e+ X)], a-b+bCosh| e+ X”] <2afb+bCosh[2 (e+-Fx)])
2a 2 (a-b)

Csch[2 e+ £x) ] JM /(b€ (1+p) (2+0))

a

Problem 139: Unable to integrate problem.

JCsch[eﬂcx]2 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 99 leaves, 3 steps):

1 1 1 1 . , bsSinh[e+fx]?2
——AppellFl[——, —, -p, —» -Sinh[e+fx]*, - —————
f 272 2 a

bSinh[e +fx]2

| \/Cosh[e+fx)]?

-p
Csch[e+fx] Sech[e+fx] (a+bSinh[e+fx]?)P [1+

a
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Result (type 8, 25leaves):

JCsch[eH‘:x]2 (a+bsinhfe+fx]?)"dx

Problem 140: Unable to integrate problem.

JCsch[eJrfx]4 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 103 leaves, 3 steps):

1 3 1 1 . , bSinhfe+fx]?
—prpellFl[—f, -, -p, - —, -Sinh[e+fx]%, - —————
3f 2 2 2 a

bSinh[e+fx]?

| \/Cosh[e +fx]?

P
Cschle+fx]?Sech[e+fx] (a+bSinh[e+fx]?)" |1+
a

Result (type 8, 25leaves):

JCsch[eﬂ‘:x]4 (a+bsinhfe+fx]?)”dx

Problem 148: Result more than twice size of optimal antiderivative.

stch[c+dx]3 (a+bsinh[c+dx]?) dx

Optimal (type 3, 39leaves, 4 steps):

b aArcTanh[Cosh[c+dx]] aCoth[c+dx] Csch[c+dx]
X + -

2d 2d

Result (type 3, 82leaves):

aCsch[%(c+dx)]2 aLog[Cosh[%(c+dx)H
bx- _
X 8d : 2d

aLog[Sinh[i (c+dx)]] aSech[i (chdX”Z

2d 8d

Problem 159: Result more than twice size of optimal antiderivative.

stch[Cerx]6 (a+bsSinh[c+dx]?)*dx

Optimal (type 3, 88leaves, 6 steps):
b x abArcTanh[Cosh[c+dx]] a%Coth[c+dx]
+ - +

d d
2a2Coth[c+dx]3® a%2Coth[c+dx]®> abCoth[c+dx] Csch[c+dx]

3d 5d d

Result (type 3, 216 leaves):
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(c+dx”2+

N |

1 2
— (—128a Coth]|

<c+dx)] —120aszch[
480d

1
2

EaZCsch[l (c+dx”4sinh[c+dx] —iaZCsch[ (c+dx”65inh[c+dx} +

2 2 2

N |

8 (60b2c+60b2dx+60abLog[Cosh[ (c+dx)]] -6<aabLog[Sinh[1 (c+dx)]] -
2

N |

(c+dx)]*-

(c+dx)})]

(c+dx)}2—19a2Csch[c+dx]3Sinh[

N |

15ab Sech|

N |

1

12 a*Csch[c +dx]® Sinh| (c+dx)]6—16a2Tanh[

N
N R

Problem 171: Result is not expressed in closed-form.

Sinh[c+dx]®
j dx

a+bSinh[c+dx]?

Optimal (type 3, 328 leaves, 15steps):

2 (_1) 2/3 44/3 AI"CTan[ (-1)%/° ((71)1/6 b/3+i al/3 TanhE (c+d x)]) }
ax Jnr a1
b2 3\/ (71>1/3 a2/3 _ (71>2/3 b2/3 b2 g
2 (71>2/3 3473 Ar‘cTan[ DY [(-1)%/e Y3 al//3TanhH <c+dx>]) ]

(-1) 1/3 32/3_p2/3

3 \/ (-1)*2a23 -2 b2 d

b1/3_a'/3 Tanh [;7 (c+dx) w

2a*3 ArcTanh |

\ a2/3.p2/3 Cosh[c+dx] Cosh[c+dx]3
- +
3\Wb2d bd 3bd

Result (type 7, 168 leaves):

[—12ac—12adx—9bCosh[c+dx] +
12 b%2d
bCosh[3 (c+dx) | +8a’RootSum|[-b+3bn1®+8an1®-3bul*+bul® g,

1

crl+dxal+2Log[-Cosh| =

2

s:'mh[1 (c+dx)|n1] m]/ (b+4anl-2bu1?+bnl?) &
2

(c+dx) ] 7Sinh[§ (c+dx)] +Cosh[§ (c+dx)]|ml-

Problem 172: Result is not expressed in closed-form.

dx

J Sinh[c+dx]°

a+bSinh[c+dx]3

Optimal (type 3, 295 leaves, 15 steps):
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23 Ar‘cTan[ (-1)%/ ((71)1/6 bl/3+1 al/3 Tanh{% (c+d x)]) ]
X S(-1)%/3 a2/3_p2/3
- + +
2b 3\/*(*1)2/332/3fb2/3 b5/3d
5 a ArcTan [ (-1)Y8 ((-1)%° Y241 a2 Tanh [ 2 (cod ) || ]

(-1) 1/3 32/3_p2/3

"
3 \/ (71> 1/3 32/3 _ p2/3 p5/3 ¢
bl/3_al/3 Tanh{1 (c+d x)}
2 aArcTanh| 2
< a2/34p2/3 Cosh[c +dx] Sinh[c +dX]
n
3+/a2’3 ; b2/3 b5/3 (¢ 2bd

Result (type 7, 299 leaves):

1
12bd

1
(—6 (c+dx) -2aRootSum[-b+3bu1>+8anl’-3bnl*+bni® g,

brl+4anl?-2ba13+bnl®

(c+dx+2Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)]m1-
2 2 2
Sinh[l (c+dx)]m] —2c1112—2dx1112—4Log[—Cosh[l (c+dx)] -
2 2
Sinh[l (c+dx)] +Cosh[l (c+dx)]=1-sinh[= (c+dx) | n1] #1%+cn1®+
2 2

1
2
]

dx 1%+ 2 Log[-Cosh[ = (c+dx) | 7Sinh[l (c+dx)] +Cosh|
2

N |

(C+dXHHlf

N |

Sinh|

N |

(c+dx)| =] n1*| &] +3Sinh[2 (c+dx) |

Problem 173: Result is not expressed in closed-form.
J Sinh[c+dx]*

a+bSinh[c+dx]3

dx

Optimal (type 3, 303 leaves, 14 steps):

5 22/3 ArcTan [ (-1)/6 ((71)1/6 bl/34+i al/3 Tanh{l— (c+dx) H

]

J (-1) 1/3 az/sf (-1) 2/3 bz/a

3\/ (_1)1/3 a2/3 _ (_1>2/3 b2/3 ha/3 ¢

2 (_1> 1/3 J2/3 AI"CTan[ (-1)Y/6 ((*1)5/6 bl/3+i al/3 Tanh“— (c+d x)]) ]

(-1) 1/3 32/3_p2/3

3 \/ <_1> 1/3 32/3 _p2/3 pa/3 ¢

/ / T
bt/3-at 3Tanh{7 (c+d x)w
NSRS Cosh[c +dx]
+
3\/Wb4/3d bd

2 a%/3 ArcTanh |
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Result (type 7, 214 leaves):

1
——|3Cosh[c+dx] -
3bd

aRootSum|[-b+3bn1%+8an1®-3bul*+bul® g, [-c-dx-zLog[_cOsh[ (c+dx)] -

1
2
]

Sinh[1 (c+dx)] +Cosh[1 (c+dx)] 111—Sinh[1 (c+dx)] =] +cn1?+
2 2 2
dx1112+2Log[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]m-
2 2 2
Sinh[l (c+dx)]m] mz)/ (b+4ani-2bni?+bnit) &]
2
Problem 174: Result is not expressed in closed-form.
Sinh[c+dx]3
J dx
a+bSinh[c+dx]3
Optimal (type 3, 294 leaves, 13 steps):
2 <_1>2/3 al/3 Ar‘cTan[ 1)Y/5 [ (-1)¥/5 b3+ al/* Tanh | L (c+dx) || ]
X \/ (-1)1/3 az/37<71)2/'3 p2/3
z., .
b 3\/<—1>1/332/3— (_1>2/3b2/3 b d
(-1)V5 ((-1)%/5 %341 a¥3 Tanh[; (c+d x) ]) ] 5 3173 ApcTanh [ b1/3_a1/3 Tanh[; (c+d x)] }

~ a2/3+p2/3
3+/a?3+b?3 bd

2 (—1)2/3 al/3 ArcTan]|

(-1) 1/3 32/3,b2/3

3./ (-1)%a?3 - b3 bd

Result (type 7, 145 leaves):

[3c+3dx-2aRootSum[-b+3bm12+8am3-3bn14+bm16&,
3bd

(c+dx)]+Cosh[= (c+dx)]|nl-

N |
N |

1
(cml+dxﬂ1+2Log[—Cosh[; (c+dx) ] -sinh|

Sinh[= (c+dx) ]| =] 111]/ (b+4anl-2bul?+bul?) &

N |

Problem 175: Result is not expressed in closed-form.

dx

J Sinh[c+dx]?
a+bSinh[c+dx]?

Optimal (type 3, 262 leaves, 11 steps):
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2 ArcTan [ (-1)%5 ((-1)¥/66¥/34i 2%/ Tanh [ (c+dx) |

]

(-1)%/3 az/sibz/a

3\/7(71>2/3 a2/3 _p2/3 p2/3 4

2 ArcTan]| (D)VO [(-1)*/66Y2+ a1/ Tanh [ 3 (crdx) |) | 2ArcTanh| 3-8/ Tanh [ (cvdx) | ]
(-1)Y/3 a2/3_p2/3 W
3 \/ (71> 1/3 j2/3 _p2/3 p2/3 ¢ 3+/a2/3  b2/3 p2/3d

Result (type 7, 275leaves):

1 2 3 4 6
——RootSum[-b+3bn1?+8anl®-3bnul*+bul® &,
6d

(c+dx+2Log Cosh|[= (c+dx) ] -sinh[= (c+dx)] +

N |
N |

[,
Cosh|— (c+dx) | #1 -Sinh c+dx) | H1l| -2cHl1°-2dxH1° -
; 2 2

1

1
2
1
[2 2

4Log[—Cosh[1 (c+dx)]-sinh[= (c+dx) | +Cosh[1 (c+dx)]n1-sinh[ = (c+dx) | w1]
2 2
1112+c11t14+dx1114+2Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)]+
2 2
Cosh[l (c+dx)] 1:t1—Sinh[l

(c+dx)]m] nl“)/ (brl+4an1?-2bu1®+bul®) &|
2 2

Problem 176: Result is not expressed in closed-form.

J Sinh[c +dx]
a+bSinh[c+dx]3

dx

Optimal (type 3, 290 leaves, 11 steps):

2 Ar‘cTan[

(1Y ((-1)Ye Y34 a3 Tanh [ (crdx) ) }

J (-1) 1/3 32/3_ (-1)2/3 p2/3

3a1/3\/ (71)1/3 32/3 _ (71)2/3 b2/3 pl/3 4

(-1)Y/s ( (-1)5/6 bt/341 al/3 Tanh[% (c+d x) } ) b'/2-a'/? Tanh B (c+dx) }

2 (—1)1/3 Ar‘cTan[ ] 2Ar‘cTanh[

]

(-1)Y/3 a2/3 p?/? . A a¥/3:0%/3
3a1/3 \/ <_1> 1/3 32/3 _ p2/3 pl/3 g 3al/34/a2/3 4+ b2/3 pl/3d

Result (type 7, 199 leaves):
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1 2 3 4 6
——RootSum[-b +3b#1?+8anl®-3bul+ bul® g,
3d

(—c—dx—ZLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)]+
2 2
Cosh[l (c+dx)] 111—Sinh[1 (c+dx)] =] +cn1?+dxnl®+
2 2

2Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh{l (c+dx)] ttl—Sinh[l (c+dx)]n1]
2 2 2 2
1:[12]/ (b+4anil-2bn1?+bnl*) &

Problem 177: Result is not expressed in closed-form.

1
J dx
a+bSinh[c+dx]3

Optimal (type 3, 280 leaves, 11 steps):

2 (71)2/3 Ar‘cTan[ (-1)Y5 ((-1)Y/56Y24i 8" Tanh [ 2 (crdx) | ]

\/ (-1) 1/3 32/3_ (-1) 2/3 p2/3

332/3J (_1>1/3 a2/3 _ (_1)2/3 b2/3 ¢

2 (_ 1) 2/3 ArcTan [ (-1)1/8 ((4)5/6 p/31i al/3 Tanh“— (c+d x) H ] 5 ArcTanh { pl/3_a1/3 Tanh“— (c+d XW ]
(71)1/3 a2/3_p2/3 /az/3+b2/3
3a2/3\/(—1)1/3 a2/3 _p2/3 3a2/3/a23 . p2/3 ¢

Result (type 7, 131leaves):

1 2 3 4 6
——2RootSum|[-b+3bn1?+8an1®-3bul*+bni® g,
3d

1

1
ctl+dx#l+2Log|-Cosh| =
2

c+dx>]—$inh[2 c+dx) ]+

1 i 1 + . _ 2, 4
Cosh[; (c+dx)] thl—Slnh[2 (c+dx)]m] nl]/ (b+4anl-2bul?+bnul?) &
Problem 178: Result is not expressed in closed-form.

J Cschc +dx]

a+bSinh[c+dx]?

dx

Optimal (type 3, 286 leaves, 14 steps):
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3 5175 ArcTan [ A7 L0202 o Tt can |

— ]
_(-1)%/3 a2/3_p?/3
Ba\/f (71)2/3 a?/3 _p2/3 ¢

2 b3 ArcTan | (D)YE [ (-0)%/0 b/ a3 Tanh [ (ced 0 )

(-1) 1/3 32/3_p2/3 }

3a\/ (71)1/3 a2/3 _p2/3 ¢

/ /: L
5 bY/3 ArcTanh [ b/3-al/3 Tanh[z (c+d x)} ]
+
3ava?3+b?3 d

ArcTanh[Cosh[c +d x]]
ad

Result (type 7, 307 leaves):

e a 6Log[Cosh[§ (c+dx)]]-

6 Log[Sinh|[= (c+dx)]|] +bRootSum[-b+3b#1?+8an1®-3bul*+bni® g,
2
! c+dx+2Llog| Cosh[1 (c+dx)] Sinh[1 (c+dx)]
+ + - — + - — + +
brl+4anl?-2bnl3+bnl® 2

2
Cosh[% <c+dx)]ﬁ1—sinh[§ (c+dx>]1¢1] ~2cul?-2dxu1?-

4Log[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[% (c+dx)]m1-
Sinh|

(c+dx)] 1] leJrcHl“erle“JrZLog[—Cosh[l (c+dx)] -

N RN R

Sinh|

(c+dx)] +Cosh[§ (c+dx)]1¢175inh[§ (crdx)] =] nl“] &])

Problem 179: Result is not expressed in closed-form.

J Cschic+dx]?
a+bSinh[c+dx]3

dx

Optimal (type 3, 304 leaves, 15steps):

2 b2/3 ArcTan [ (-1)Y/8 ((*1)1/6 bY/3+ial/3 Tanh{l— (c+d x) U

J (-1) 1/3 32/37 (-1) 2/3 bz/a }

3a4/3\/(—1)1/3 a2/3 _ (_1)2/3 b2/3 ¢

2 (_1> 1/3 p2/3 AI"CTan[ (-1)Y/e ((*1)5/6 b/3+i al/3 Tanh“— (c+d x)]) ]

(-1) 1/3 32/3_p2/3

3a4/3\/(—1)1/3 a2/3 _p2/3 ¢

2b2/3 ArcTanh | - ten], c.an)] ]
NISTRTV Coth[c +dx]
3243227 077 g ad
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Result (type 7, 230 leaves):

1 1
- 3Coth[ =
6ad 2

2bRootSum|[-b+3bn1?+8an1®-3bnl*+bul® &, [-c-clx-ZLog[-Cosh[l (c+dx)] -
2

<C+dx>]+

Sinh[l (c+dx” +Cosh[l (C+dX>}H1*Sinh[1 (c+dx)]ﬁ1} +ctl1?+
2 2 2

dx 1%+ 2 Log[-Cosh[~ (c+dx) | -Sinh[ = (c+dx) | +Cosh|[~ (c+dx)]nl-

N |-
N |

1
2
]

Sinh[l (c+dx)]m] ulz]/ (b+4ani-2bn1?+bnl*) & +3Tanh[1 (c+dx)]
2 2

Problem 180: Result is not expressed in closed-form.

dx

J Csch[c+dx]3
a+bSinh[c+dx]3

Optimal (type 3, 322leaves, 15steps):

[ 1)Y/5 [(-1)¥/ b3+ al/? Tanh| L (c+dx) || ]

2 (-1)*?bArcTan
\/ (-1)1/3 a2/3_ (-1)%/3 p2/3

3a5/3\/(—1)1/3 a2/3 _ (_1)2/3 b2/3 ¢

2 (_1> 2/3 p ArcTan { (-1 [(-1)%/5 64341 a1/ Tanh“— (c+d x)”
(~1)1/3 a2/3_p2/3 ArcTanh[Cosh[c +d x] ]
+ +
3a5/3\/<—1)1/332/3—b2/3 d 2ad
bl/3_al/3 Tanh {5 (c+d x) w
2b ArcTanh | 2 ]
NEERYE Coth[c+dx] Csch[c +dx]
335/3 /22735 p2/3 ¢ 2ad
Result (type 7, 191 leaves):
- (16bRootSum[—b+3bH12+8a1113—3b1114+b1116&,
24 ad
1 1 1
(cHl+dxm1+2Log[—Cosh[— (c+dx)]-sinh[= (c+dx) ] +Cosh[= (c+dx)|nl-
2 2 2

Sinh[l (c+dx)]m] 1::1)/ (b+4ani-2bn1?+bnl?) &] +
2

3 (Csch[% <c+dx)]274Log[Cosh[§ (c+dx)]] +4Log[Sinh[§ (c+dx)]]+

Sech[% (c+dx”2])
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Problem 181: Result is not expressed in closed-form.

dx

J Cschic+dx]*
a+bSinh[c+dx]?

Optimal (type 3, 317 leaves, 16 steps):

(-1)%/8 ( (-1)%/% b%/3+1 a¥/3 Tanh H— (c+dx) w ) }

2b*3 ArcTan|

—(-1) 2/3 az/sibz/z

3 a2 \/7 (71)2/3 a2/3 _p2/3 ¢

5 b4/3 Ar‘cTan[ _1)1/6 ((71)5/6 bl/3+i al/3 Tanh{% (c+d x)” }
(~1)1/3 22/3_p2/3 b ArcTanh[Cosh[c + d x] ]
N _
3a2\/(—1)1/3a2/3—b2/3 d a’d
2 b43 ArcTanh { bl/3_al/3 Tanth (c+d x)w
\ a¥/3+b%/3 Coth[c+dx] Coth[c+dx]3
. _
3a2+/223 5023 4 ad 3ad
Result (type 7, 450 leaves):
Coth[% (c+dx) ] ) Coth[% (c+dx)] Csch[% (c+dx)]2 )
3ad 24 ad
bLog[Cosh[i (c+dx)]] i bLog[Sinh[i (c+dx)]] ) 1
a’d a?d 6a’d

RootSum[-b+3bn1?+8anl® -3bnl*+bni®&, |b?c+b*dx+2b”Log|

—Cosh[% (c+dx)] —Sinh[i (c+dx)] +Cosh[§ (c+dx)]1¢1—sinh[§ <c+dx)]1¢1] -
1
—

1
2b? cn1? - 2b*d x 1#1% - 4b? Log| - Cosh | =
2

c+dx) | —Sinh[2 c+dx) ]+

Cosh[1 (c+dx) ] 1:1_Sinh[1 (c+dx)] =] #12 +b? cu1® + b2 d x 11* + 2 b2
2 2
1 ! 1 !
Log[-Cosh[ = (c+dx) | -Sinh[= (c+dx) ] +Cosh[ =~ (c+dx)] #1l-Sinh[= (c+dx) | u1]
2 2 2 2

1:14)/ (brl+4an1?-2bul’+bnl®) &) +

Tanh[i <c+dx)] +Sech[i (c+dx”2Tanh[§ (c+dx)}

3ad 24 ad

Problem 191: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bsinh[c+dx]?) dx

Optimal (type 3, 47 leaves, 4 steps):
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aArcTanh[Cosh[c+dx]] bCosh[c+dx] aCoth[c+dx]Csch[c+dx]

+ —

2d d 2d

Result (type 3, 101 leaves):

b Cosh[c] Cosh[d x] aCsch[% (c+dxH2 aLog[Cosh[% (c+dx)]]
_ N _

d 8d 2d

alog[sinh[% (c+dx)]] asech[? (c+dx)]® psinh[c] sinh[dx]

- +

2d 8d d

Problem 193: Result more than twice size of optimal antiderivative.

JCsch[Cerx]5 (a+bsSinh[c+dx]*) dx

Optimal (type 3, 64 leaves, 4 steps):
(3a+8b) ArcTanh[Cosh[c+dx]] 3aCoth[c+dx] Csch[c+dx] aCoth[c+dx]Csch[c+dx]3
- +

8d 8d 4d

Result (type 3, 158 leaves):

3aCsch[§ (c+dx>]2 aCsch[i (c+dx”47 bLog[Cosh[iﬂ%H 3aLog[CoshE (c+dx)]]

- - +

32d 64 d d 8d
bLog[Sinh{§+d2H 3aLog[Sinh[i(c+dx)H 3aSech[§(c+dx)]2 aSech[i(c+dx)]4
d " 8d : 32d : 64 d

Problem 195: Result more than twice size of optimal antiderivative.

JCsch[c+dx]7 (a+bsinh[c+dx]?) dx

Optimal (type 3, 92 leaves, 5 steps):
(5a+8b) ArcTanh[Cosh[c+dx]] (5a+8b) Coth[c+dx] Csch[c+dx]

- +

16d 16d
5aCoth[c+dx] Csch[c+dx]3® aCoth[c+dx] Csch[c+dx]>
24d 6d

Result (type 3, 237 leaves):
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5aCsch[i (c+dx)]2 szch[% (c+dx)]2 ) aCsch[i (c+dx)] )

) 64 d ) 8d 64 d
aCSCh[%<C+dX)]6 5aLog[Cosh[i(c+dx)H bLog[Cosh[i(c+dx)H
+ + -
384d 16d 2d
5aLog[Sinh[§(c+dx)H bLog[Sinh[i(c+dx)H 5aSech[§(c+dx)]2
16 d ) 2d ) 64 d )
bSech[i (c+dx)]2 ) aSech[i <c+dx)]4 ) aSech[i (c+dx>]
8d 64 d 384d

Problem 204: Result more than twice size of optimal antiderivative.
JCsch[c+dx]5 (a+bSinh[c+dx]4)2dlx

Optimal (type 3, 101 leaves, 6 steps):

a(3a+16b) ArcTanh[Cosh[c+dx]] b2Cosh[c+dx]
- +
8d d
b2Cosh[c+dx]3 3a2Coth[c+dx]Csch[c+dx] a%?Coth[c+dx] Csch[c+dx]3
+ _
3d 8d 4d
Result (type 3, 207 leaves):
3b2Cosh{c+dx] b?Cosh[3 (c+dx)] 3a2Csch[§(c+dx)]2 aZCsch[i(c+dxH4
_ . + _ _
4d 12d 32d 64d
2abLog[Cosh[§+d7XH 73a2Log[Cosh[i (c+dx)]] +2abLog[Sinh[§+d7x]] )
d 8d d
3a2Log[Sinh[§(c+dx>H +3aZSech[§(c+dx)}2+a25ech[i(c+dx”
32d 64 d

8d

Problem 206: Result more than twice size of optimal antiderivative.
stch[c+dx]7 (a+bSinh[c+dx]4)2dlx

Optimal (type 3, 111 leaves, 6 steps):
a(5a+16b) Coth[c+dx] Csch[c+dx]
N

a(5a+16b) ArcTanh[Cosh[c+dx]] b2Cosh|[c+dx]
. _
16d d 16d
5a2Coth[c+dx] Csch[c+dx]3 a?Coth[c+dx] Csch[c+dx]®
24d 6d

Result (type 3, 278 leaves):
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b2 Cosh[c] Cosh[d x] 5a2Csch[§(c+dx)]2 aszch[%(c+dx)]2 aZCsch[i(c+dxH4

— — + —

d 64 d 4d 64d
aZCsch[i(CerxHG 5a2Log[Cosh[i<c+dx)H abLog[Cosh[i(Cerx)H
384 d ’ 16d ' d )

5a2Log[Sinh[§ (c+dx)]] abLog[Sinh[% (c+dx)]] 5aZSech[% (c+dx)]2

16d d 64d
abSech[i(Cerx)]2 aZSech[i(CerxH4 aZSech[i(CerxH6 b2 Sinh[c] Sinh[d x]

- - +

4d 64d 384d d

Problem 225: Result more than twice size of optimal antiderivative.

JCsch[c+dx]14 (a+bsinh[c+dx]*)®dx

Optimal (type 3, 144 leaves, 3 steps):
(a+b)3Coth[c+dx} 2a (a+b)2Coth[c+dx}3 3a(a+b) (5a+b) Coth[c+dx]®

+

d d 5d
4a’(5a+3b) Coth[c+dx]’ a?(5a+b)Coth[c+dx]® 6a3Coth[c+dx]™ a3Coth[c+dx]®

+ —

7d 3d 11d 13d

+

Result (type 3, 386 leaves):
1
61501440 d
1981980 b® Cosh[c +d x] + 65894408 a* Cosh[3 (c+dx) | + 18944648 a” b Cosh|[3 (c+dx)] +
15495480 a b? Cosh |3 (c+dx) | +4459455b% Cosh|[3 (c+dx) ] - 3660800 a* Cosh[5 (c+dx) | -

13087360 a> b Cosh |5 (c+dx) | - 13093080 a b> Cosh[5 (c+dx) | -
4129125b° Cosh|[5 (c+dx) | +1464320a%Cosh[7 (c+dx)| +5234944a%bCosh[7 (c+dx)] +
|+

(-8785920 a° Cosh[c +dx] - 9884160 a*b Cosh[c +dx] - 7207200 ab” Cosh[c+dx] -

6390384 ab” Cosh|[7 (c+dx)] +2312318b% Cosh[7 (c+dx) | - 399360 a* Cosh[9 (c +dx] |
1427712 a’bCosh|[9 (c+dx)| -1873872ab”Cosh[9 (c+dx)] - 810818 b> Cosh[9 (c +dx)
66560 a*> Cosh[11 (c+dx) | +237952a?bCosh[11 (c+dx) | +312312ab? Cosh|[11 (c+dx) | +
165165 b> Cosh [11 (c+dx) | - 5120 a® Cosh[13 (c+dx) | -183@4 a’ b Cosh[13 (c+dx)] -
24024 ab?Cosh[13 (c+dx) | -15015b> Cosh|[13 (c+dx)]) Csch[c+dx]*

Problem 226: Result more than twice size of optimal antiderivative.

JCsch[Cerx]16 (a+bSinh[c+dx}4)3d1x

Optimal (type 3, 182leaves, 3 steps):
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(a+b)3Coth[c+dx] <a+b)2 (7a+b) Coth[c+dx]® 3a(a+b) (7a+3b) Coth[c+dx]®

+ —

d 3d 5d
a(35a%+30ab+3b?) Coth[c+dx]’ 5a%(7a+3b) Coth[c+dx]?
7d : 9d :
3a? (7a+b) Coth[c+dx]™ 7a3cCoth[c+dx]®® a3Coth[c+dx]!®
11d : 13d ) 15d

Result (type 3, 440leaves):
1

369008 640 d

(-46126080 a*> Cosh[c +dx] - 51891840 a*b Cosh[c +dx] - 37837800 a b> Cosh[c +dx] -

10405 395 b* Cosh [c + d x] + 35875840 a’ Cosh |3 (c+dX) | + 161861766 a>b Cosh|[3 (c+dx) ] +
83243160 a b’ Cosh[3 (c+dx) | +23948925b% Cosh[3 (c+dx) ]| -
21525504 a° Cosh |5 (c+dx) | - 74954880 a>b Cosh|[5 (c+dx) | -
74162088 a b’ Cosh[5 (c+dx) | - 23288265 b® Cosh[5 (c+dx) | +
9784320 a%Cosh[7 (c+dx) | +34670400a>b Cosh|7 (c+dX) | +
39999960 a b? Cosh |7 (c+dx) | +14189175b° Cosh|[7 (c+dx) | - 3261440 a° Cosh|[9 (c+dx)] -
11356800 a2 b Cosh |9 (c+dx) | - 14054040 a b” Cosh[9 (c+dx) | -
5720715 b? Cosh[9 (c+dx) | + 752648 a* Cosh[11 (c+dx) ] + 2620800 a*b Cosh|[11 (c+dx) | +
3243248 ab” Cosh[11 (c+dx) | +1486485b> Cosh|[11 (c+dx) | -
107520 a> Cosh [13 (c+dx) | - 374400 a® b Cosh[13 (c +dx) | - 463320ab? Cosh[13 (c+dx) | -
225225 b% Cosh[13 (c+dx) | + 7168 a’ Cosh[15 (c+dx) | + 24960 a® b Cosh[15 (c+dx) ] +

30888 ab” Cosh[15 (c+dx) | +15015b> Cosh|[15 (c+dXx) |) Csch[c+dx]*®

Problem 227: Result more than twice size of optimal antiderivative.

JCsch[c+dx]18 (a+bSinh[c+dx14)3d1x

Optimal (type 3, 221 leaves, 3 steps):

(a+b)3Coth[c+dx1 2 (a+b)2 (4a+b) Coth[c+dx]?
- +

d 3d
(a+b) (28a%+17ab+b?) Coth[c+dx]® 4a (14a?+15ab+3b?) Coth[c+dx]’

+

5d 7d
a(70a’+45ab+3b?) Coth[c+dx]? 2a%(28a+9b) Coth[c+dx]™

+ —

9d 11d
a2 (283+3b) Coth[c+dx]® g8a3Coth[c+dx]%® a3Coth[c+dx]?
+

13d 15d 17d

Result (type 3, 494 leaves):
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1
6273146880 d
(-697016 320 @ Cosh[c + d x] - 784143360 a* b Cosh[c + d x] - 571771200 a b> Cosh[c + d x] -
157237080 b’ Cosh[c +d x] + 557613056 a° Cosh |3 (c+dx) | +
1568286720 a>b Cosh[3 (c+dx)] +1280767488ab? Cosh[3 (c+dx)] +
368384016 b Cosh |3 (c +dx) | - 354844672 a%Cosh|[5 (c+dx)] -
1211857920 a” b Cosh |5 (c+dx) | - 1189284096 a b®> Cosh[5 (c+dx) | -
372263892 b’ Cosh|[5 (c+dx) | +177422336 a% Cosh[7 (c+dx) | +
605928960 a’ b Cosh[7 (c +dx) | + 692659968 ab? Cosh[7 (c+dx) ] +
242288046 b’ Cosh |7 (c+dx) | - 68239360 a° Cosh[9 (c+dX) | -
233049600 a’ b Cosh[9 (c+dx) | -277717440ab Cosh[9 (c+dX) | -
108738630 b Cosh[9 (c +dx) | + 19496960 a® Cosh[11 (c+dx) | +
66585600 a’ b Cosh |11 (c +d x) | + 79347840 a b’ Cosh |11 (c+dx) | +
33693660 b> Cosh|[11 (c+dx) | - 3899392 a% Cosh|[13 (c+dX) | -
13317120 a b Cosh|[13 (c+dx) | - 15869568 a b Cosh|[13 (c+dX) | -
6942936 b> Cosh[13 (c+dx) | + 487424 a° Cosh|[15 (c+dx) | +
1664640 a® b Cosh[15 (c+dx) | + 1983696 ab® Cosh[15 (c+dx) | +
867867 b Cosh|[15 (c+dx) | - 28672a° Cosh[17 (c+dx) | -97920a® b Cosh[17 (c+dx)] -
116688 a b? Cosh[17 (c +dx) | - 51051 b° Cosh[17 (c+dx) |) Csch[c+dx]Y

Problem 228: Result more than twice size of optimal antiderivative.

JCs:ch[Cerx]20 (a+bSinh[c+dx}4)3d1x

Optimal (type 3, 248 leaves, 3 steps):
(a+b)3Coth[c+dx] <a+b)2 (3a+b) Coth[c+dx]® 3 (a+b) (12a2+9ab+b?) Coth[c+dx]®

+ —

d d 5d
(84a°+105a%b+30ab?+b?) Coth[c+dx]’ a(42a*+35ab+5b2) Coth[c+dx]?
7d ' 3d )
3a (42a?+21ab+b?) Coth[c+dx]* 21a?(4a+b)Coth[c+dx]*
114 : 13d .
a? (12a+b) Coth[c+dx]*™ 9a3Coth[c+dx]Y a3Coth[c+dx]®
5 d ' 17d ) 19d

Result (type 3, 548 leaves):
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1
79459 860480 d
(-7945986048 a® Cosh[c + d x] - 8939234304 a’ b Cosh[c +dx] - 6518191688 ab® Cosh[c +dx] -

1792502712 b> Cosh[c + d x] + 6501261312 a> Cosh |3 (c+dX) | +
18149354496 a® b Cosh|[3 (c+dx) | + 14814072000 a b2 Cosh[3 (c+dx) ] +
4260103848 b° Cosh[3 (c+dx) | -4334174208 a* Cosh[5 (c+dx) | -
14582690304 a® b Cosh[5 (c+dx) | - 14221509120 a b? Cosh[5 (c+dx) | -
4440518082 b Cosh[5 (c+dx) | +2333786112a% Cosh[7 (c+dx) | +
7852217856 a’b Cosh[7 (c+dx) | + 8803791360 ab?Cosh|[7 (c+dx)] +
3047642598 b> Cosh|[7 (c+dx) | - 1000194048 a° Cosh|[9 (c+dx) ] -
3365236224 a>bCosh|9 (c+dx) | - 3906077760 ab® Cosh[9 (c+dx) | -
1489040982 b> Cosh|[9 (c +dx) | + 333398016 a® Cosh[11 (c+dx) ] +
1121745408 a> b Cosh |11 (c +dx) | + 1362025920 a b’ Cosh |11 (c+dx) | +
527386002 b Cosh |11 (c +dx) | - 83349504 a° Cosh[13 (c+dX) | -
280436352 a° b Cosh[13 (c +dx) | - 325506480 a b’ Cosh[13 (c+dx)] -
134271423 b’ Cosh[13 (c+dx) | + 14708736 a* Cosh[15 (c+dX) | +
49488768 a® b Cosh[15 (c+dx) | + 57442320 ab? Cosh[15 (c+dx) | +
23694957 b* Cosh 15 (c+dx) | - 1634304 a° Cosh|[17 (c+dX) | -
5498752 a%b Cosh[17 (c+dx) | - 6382480 ab? Cosh[17 (c+dx) ] -
2632773 b Cosh[17 (c+dx) | + 86016 a*> Cosh[19 (c+dx) | + 289488 a°b Cosh[19 (c+dx) | +
335920 a b’ Cosh|[19 (c+dx) | + 138567 b®> Cosh[19 (c+dx)]) Csch[c+dx]*

Problem 229: Result is not expressed in closed-form.

Sinh[c+dx]7
\f dx

a-bSinh[c+dx]*

Optimal (type 3, 148 leaves, 6 steps):

aArcTan[MﬂL} aA,ﬂcTanh[me
vavb | Va/b_ Cosh[c+dx] _ Cosh[c+dx]?

) bd 3bd
2+/va -+/b b’’*d 2+/Va +V/b b74d

Result (type 7, 390 leaves):
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1
24bd

18 Cosh[c+dx] -2Cosh|[3 (c+dx) ] -3aRootSum[b-4bn1?-16an1*+6bnl*-4bni®+bni® g,

! -c-dx-2Log|
-bml1-8an1®+3br13-3bsl®+bul’
—Cosh[l (c+dx” —Sinh[l (c+dx” +Cosh[1 (c+dx” ttl—Sinh[1 (c+dx)]1¢1] +
2 2 2 2

3cmlz+3dx1112+6Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)]+
2 2

Cosh[l (c:+dx)}1¢1-51nh[1 (c+dx)] =] m12-3cm1*-3dxn1*-
2 2

6 Log[—Cosh [

N |

<c+dx)] - Sinh]| <c+dx)] + Cosh]| (c+dx)]1¢1—

N R
N R

Sinh[l (c+dx)]m] ttl“+cm"°+dxtt16+2Log[-Cosh[1 (

N C+dx>]—

Sinh[% (c+dx)] +Cosh[§ (c+dx”ml—sinh{§ (c+dx)]m] 1116) &]]

Problem 230: Result is not expressed in closed-form.

Sinh[c+dx]>
J dx

a-bSinh[c+dx]*

Optimal (type 3, 139 leaves, 6 steps):

Va Aman[bl/"‘&w] Va Ar‘cTanh[mm
JVE B Va /b Cosh[c +dx]
+ -

2+/v/a -/b bs/ad 2\/va +b b5/4d bd

Result (type 7, 235leaves):
1

2bd

(2Cosh[c+dx} +aRootSum|b-4bn1%-16an1* +6bnl* - 4bnl® + buld g, (—cﬂl—dxt&l—ZLog[

(c+dx)}7Sinh[l(c+dx)}+Cosh[ 1

-Cosh|
2

N |
N |

(c+dx”tt1—sinh[ (c+dx)]ttl]

N

t11+c1¢13’+dxt113+2Log}Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 (c+dx)]
2 2 2

111—Sinh[l (c+dx)] 111 | n13)/ (-b-8an1?+3bn1?-3bnl*+bni®) &])
2

Problem 231: Result is not expressed in closed-form.

Sinh[c+dx]3
J dx

a-bSinh[c+dx]*

Optimal (type 3, 115leaves, 4 steps):
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Ar‘cTan[ 4 Cosh[c+d x } ArcTanh { b%/* Cosh[c+d x }
V2 b Va /b

2+/+a - \fb3/4d 2+/+/a ++Vb b¥4d
Result (type 7, 365 leaves):

1 2 4 4 6 8
- ——RootSum|[b-4bn1?-16au1* +6bnl* - 4bu1® + bn1d &,
8d

1
-bal1-8an1®+3br13-3bH1®+ bnl’

(—c—dx—ZLog[
1 o1 1 o1
—Cosh[g (c+dx” —Slnh[; (c+dx” +Cosh[; (c+dx)}n1—51nh{; (c+dx”nl] +
3c1112+3dx1112+6Log[—Cosh[l (c+dx)] 7Sinh[l (c+dx)]+
2 2
Cosh[l (Certhtl—Sinh[1 (C+dX)]H1} #12 -3 cHl* - 3dxH1* -

2 2

6Log[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[% (c+dx)]1¢1—sinh[§ (c+dx)]m]

J:tl“+c1116+dx1:t16+2Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)]+
2 2

Cosh[i(c+dx)}1¢17$inh[%(c+dx)]1¢1} 19 g]

Problem 232: Result is not expressed in closed-form.

Sinh[c +dx]
J dx

a-bSinh[c+dx]*

Optimal (type 3, 125leaves, 4 steps):

bY/4 Cosh[c+d x bY/4 Cosh[c+d x
Ar‘cTan[ ] ArcTanh [
\vVa-+b . \Va +yb

2+/a \/Va -+/b b¥*d 2+/a \/Va ++/b bl/4d

Result (type 7, 221 leaves):

1 2 4 4 6 8
- —RootSum|[b-4bf1?-16a#1*+ 6bul* -4bu1® + br1® &,
2d

[—cﬁl—dxul—ZLog[fCosh[1 (c+dx)] —Sinh[l (c+dx)]+
2 2
Cosh[

c+dx) | #1-Sinh c+dx) ||l +cm1d+dxm1d+
( )] [=( )] w1]

N |

1
2
[

2Log[—Cosh[§ (c+dx) ] -sinh 3 (c+dx)] +Cosh[1 (c+dx)] 111—Sinh[l (c+dx)]m]

2 2
n13J/ (-b-8an1?+3bn1?-3bul*+bul®) &|
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Problem 233: Result is not expressed in closed-form.

J Csch[c +dx]
a-bSinh[c+dx]*

dx

Optimal (type 3, 136 leaves, 7 steps):
bl/4 ArcTan { bl/* Cosh[c+d x]

bl/4 ArcTanh { bY/4 Cosh[c+d x }
Va b ArcTanh[Cosh[c +d x]]

+

2a/va b d ad 2a+/va + b d
Result (type 7, 397 leaves):

8ad

bRootSum[b-4b1? -16au1*+6bH1* - 4b 11 + b 1% &,
1

8Log[Cosh[§ (c+dx)]] —8Log[Sinh[% (c+dx)]]+

7cfdx72Log[7C05h[l (c+dx)] -
-bpl-8am1®+3bn13-3bH1% +bnl’ 2

Sinh[% <c+dx)] +Cosh[§ <c+dx)]tt1—sinh[ (c+dx>]1¢1] +

3c1¢12+3dx1¢12+6Log[—Cosh[1 (c+dx)]-sinh[= (c+dx) ]+
2

N[RN[R

Cosh[l <c+dx)]111—sinh[1 (c+dx>]ﬁ1] 112 -3 cul*-3dxu1t -
2 2

6Log[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)]m1-
Sinh|

(c+dx) ] u1] #1*+ cm1®+dxn1°+ 2 Log[-Cosh| = (c+dx) | -

RN R
N R

. 1 1 ]
sinh[ (e +dx)] «Cosh[~ (cdx) ]| w1-sinh[ (e +dx)]u1] ] &})
Problem 234: Result is not expressed in closed-form.

J Csch[c+dx]3
a-bSinh[c+dx]*

dx

Optimal (type 3, 184 leaves, 7 steps):
b3/4 ArcTan [ b!/* Cosh[c+d x]
Va b ArcTanh[Cosh[c +d Xx] ]
N

+

2ad
2a32~/\/a -/b d @
b3/4 ApcTanh [ qu
VT 1 1
. -
2a%2(a + b d 4ad(1-Cosh[c+dx]) 4ad(1+Cosh[c+dx])

Result (type 7, 278 leaves):
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Csch[% (c+dx)]2—4Log[Cosh[§ (c+dx)H +

8ad
zLLog[Sinh[1 (c+dx)]] +4bRootSum|[b-4bw1?-16an1*+6bnl* - 4bu1® +bu1® g,
2

—ciil—dxttl—ZLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]m1-
2 2 2

Sinh[1 (c+dx)] 1] 11t1+c1_¢13+dx1113JrZLog[—Cosh[1 (c+dx)] -
2

2
Sinh[l <c+dx)] +Cosh[l <c+dx)] 111—Sinh[l (c+dx>] 1 | n13]/
2 2 2
(‘b 8am?+3bx1’ 3bul®+bu1®) &] + Sech| - (c+dx)]2J
2

Problem 241: Result is not expressed in closed-form.

Sinh[c+dx]°
J dx

(a—bSinh[c+dx]4)2

Optimal (type 3, 235leaves, 7 steps):
Va (5 Ja - 6\5) Ar‘cTan[gngl’mc“'1 cxdx ] JVa (5 va +6 \/F) Ar‘cTanh[gngl’mc“'1 cxdx ]

. JVa-ve JVa b N
8(\/?-%)3/%9/4(1 8(ﬁ+\/F)3/2b9/4d
Cosh[c +dx] aCosh[c+dx] (a+b-bCosh[c+dx]?)
+
b2d 4 (a-b)b?d (a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 615leaves):
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1
32b2d

( 32aCosh[c+dx] (2a+b-bCosh[2 (c+dx)])
32Cosh[c+dx] +

+ 1 a RootSum|
(a-b) (Sa—3b+4bCosh[2 (c+dx)] -bCosh|[4 (c+dx”) a-b
b-4br1?-16an1*+6bH1*-4b 1%+ br18 8,

1
-brl-8anl®+3bnl®-3bnl®+ bnl’
1 o1 1
(—bc—bdx—ZbLog[—Cosh{— (c+dx)]-sinh[= (c+dx)]+Cosh[= (c+dx)|nl-
2 2
Sinh[l (c+dx)|#1] -20act1?+27bcnl?-20adxn1?+27bdxn1% - 40 a Log|
2
1
-Cosh[ =
2

(c+dx)] —Sinh[g (c+dx)] +Cosh[§ (c+dx)]1¢1—sinh[1 (c+dx)]m]

H12+54bLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]m1-
2 2 2

Sinh[= (c+dx) ] #1] n1>+20acnl*-27bcnl*+20adxnl*-27bdxnl* +40a Log|
2
1 1 1
-Cosh[= (c+dx) ]| -Sinh[= (c+dx) ]| +Cosh[= (c+dx) ]| n1l-Sinh[= (c+dx)] 1]
2 2

2 2
#1% - 54 b Log [ - Cosh | (c+dx)]+Cosh[1(c+dx)]nlf
2

Sinh[= (c+dx) | #1] m‘ubcn:16+bdxmﬁ+2bLog[{osh[1 (c+dx)
2

(c+dx)] -sinh|

N |
N |

]

Sinh[; <c+dx)] +Cosh[§ <c+dx)] Hl—Sinh[% (c+dx>] 1 | H16] &

Problem 242: Result is not expressed in closed-form

Sinh[c+dx]’
j dx
(a-bsinh[c+dx]*)?

Optimal (type 3, 210leaves, 5steps):

3/a -4+/b | ArcTan [ 22 Coshicedx] 3+/a +4+/b | ArcTanh [ 2 Coshicedx]

| prreren (T | | pretann
8 (Va -b | b74d 8 (Va «vb b7/ d

aCosh[c+dx] (2-Cosh[c+dx]?)
4 (a-bjbd(a-b+2bCosh[c+dx]2-bCosh[c+dx]?)

Result (type 7, 737 leaves):
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1 16a (-5Cosh[c+dx] +Cosh[3 (c+dx)])

+

ED) (a-b) bd _8a—3b+4bCosh[2 (c+dx)]-bCosh[4 (c+dx)]
RootSum|[b-4bn1?-16am1* + 6bnl® -4bn1® + bul® &,

! 3ac-4bc+3adx-4bdx+6alog|
-bml-8anl®*+3br13-3bxl®+ bul’
7Cosh[£ (c+dx” 7Sinh[l (c+dx” +Cosh[1 (CerxHHlfSinh[1 (c+dx)]m1} -
2 2 2 2

8bLog[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)]m1-

Sinh[l (c+dx)] =] -5acH1?>+12bcn1*-5adxnl®+12bdxul® -
2

10aLog[—Cosh[1 (c+dx)] 7Sinh[l (c+dx)] +Cosh[l (c+dx)]m1-
2 2 2

Sinh[l (c+dx)]m] 1112+24bLog[7Cosh[l (c+dx)] 7Sinh[1 (c+dx)]+
2 2 2

Cosh[l (c+dx”111—Sinh[l (c+dx | #1] #1%+5acn1®-12bcnlt+
2 2

5adxnl®-12bdxn1%+10alog|-Cosh| = (c+dx) | —S.inh[1 (c+dx)]+
2

1

2
1 1 1

Cosh|~ (c+dx”1¢1751nh[; (c+dx)] =] tt14724bLog[7Cosh[; (c+dx)] -
2

Sinh[l (c+dx)] +Cosh[1 (CerxHHlfSinh[1 (c+dx)] =] m1*-3acn1®+
2 2 2

4bc1_¢16—3adx1_¢15+4bdx1_¢15—6aLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)]+
2 2

Cosh[l (c+dx)] 1:t1—Sinh{1 (c+dx)]m] 1:t16+8bLog[—Cosh[1 (c+dx)] -
2 2 2

Sinh{% (c+dx)] +Cosh[§ (c+dx)] ttl—Sinh[% (c+dx)]m] ttls) &

Problem 243: Result is not expressed in closed-form.

Sinh[c+dx]®
J( dx

a-bsinh[c+dx]*)?

Optimal (type 3, 217 leaves, 5 steps):

(\/? -2 \/F) Ar‘cTan[—f—Lbl’m Coshicrdxl | (\/? +2 \/F) Ar‘cTanh[—;Lbl’m Coshicrdxl |

) S Jaoe
8H(H-W)B/Zb5/4d 8\/?(\/?+W)3/2b5/4d

Cosh[c+dx] (a+b-bCosh[c+dx]?)
4 (a-b)bd(a-b+2bCosh[c+dx]2-bCosh[c+dx]?)

Result (type 7, 597 leaves):
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1 32Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])
N
32 (a-b)bd 8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx) |

RootSum|[b-4bn1?-16a#1* + 6bnl® - 4b=1® + bu1® &,
1

-bc-bdx-2bLog|
-bpl-8anm1®+3bn13-3bH1® +bnl’

7Cosh[1 <c+dx)] 7Sinh[1
2

A (c+dx)] +Cosh[§ (c+dx)]1¢175inh[1 (c+dx)]m]-

2
1
4acnl’®+11bcnl’-4adxn1®+11bdxn1?-8alog[-Cosh[ = (c+dx) | -

Sinh|[ =~ (c+dx) | +Cosh|[ =~ (c+dx) ] 111—Sinh[1 (c+dx)]|n1] n1>+22bLog|
2
~Cosh|

N[RN[R

(c+dx)] -sinh|

N[RN[R

(c+dx)] +Cosh[1 (c+dx)] Hlfsinh[1 (c+dx)]m]
2 2
H12+4ac1114—11bcm14+4adxm14—11bdxﬂ14+8aLog[—Cosh[l (c+dx)] -

2
Sinh[; (c+dx)] +Cosh[§ (c+dx)]:¢1-51nh[1 (c+dx)] =] m1®-

22b Log|-Cosh|[ = (c+dx] ] —S.inh{1 (c+dx)] +Cosh{1 (c+dx)]m1-
2 2
Sinh[1 (c+dx)]m] H14+bc1116+bdx1115+2bLog[—Cosh[l (c+dx)] -
2
Sinh[1 (c+dx)] +Cosh| = (c+dx)]1¢1—sinh[1 (c+dx)]m] Hlsj &]
2 2 2

Problem 244: Result is not expressed in closed-form.

J Sinh[c+dx]3
(abeinh[Cerx]“)2

dx

Optimal (type 3, 186 leaves, 5steps):
ArcTan [ b%/4 Cosh[c+d x

1/4 N
Ar‘cTanh[—‘—Lb Cosh[c+dx
AJa -\/b

— + \/?+W —
8va [Va -b ) 7b¥4d 8va (vVa +vb | bt

Cosh[c+dx] (2-Cosh[c+dx]?)
4 (a-b)d(a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 422 leaves):
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+

1 16 (-5Cosh[c+dx] +Cosh[3 (c+dX)])
c

32 (a-b)d -8a+3b-4bCosh[2 (c+dx” +bCosh[4( +dx>]

RootSum|[b-4bn1?-16am1* + 6bnl® -4bn1® + bul® &,
1

-c-dx-2Log
-brl-8an1®+3bH13-3bH1% + bnl’ [

7Cosh[£ (c+dx” 7Sinh[l (c+dx” +Cosh[1 (CerxHHlfSinh[1 (c+dx)]1¢1] +
2 2 2 2
7c1_¢12+7dx1112+14Log[—Cosh[1 (c+dx)] —Sinh[l (c+dx)]+
2 2

Cosh{l (c+dx”1¢1—sinh{1 (c+dx)]n1} H12 -7 cul* - 7d x 14 -
2 2

14Log[7Cosh[§ (c+dx)] 7Sinh[§ (c+dx)] +Cosh[§ (c+dx)]m1-

Sinh[l (c+dx)]m] 111“+c1116+dx1¢16+2Log[7Cosh[1 (c+dx)] -
2 2

Sinh[% (c+dx)] +Cosh[§ (c+dx)] mlfsinh[i (c+dx)]m] mﬁ) &|

Problem 245: Result is not expressed in closed-form.

dx
2

J Sinh[c +dXx]
(a-bsinh[c+dx]*)
Optimal (type 3, 221 leaves, 5steps):

(3 Va -2 \/F) Ar‘cTan[gi—L"l’mc"Sh ] (3 Va +2 \/F) ArcTanh[gngmc“h cedxl ]

fvam JVa b
82> (\a -b | bid 8a>2 (Va +/b | Fbid

Cosh[c+dx] (a+b-bCosh[c+dx]?)

+

4afa-b)d(a-b+2bCosh[c+dx]2-bCosh[c+dx]?)

Result (type 7, 597 leaves):
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1 32Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])
N
32a(a-b)d 8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx) |

RootSum|[b-4bn1?-16a#1* + 6bnl® - 4b=1® + bu1® &,
1

-bc-bdx-2bLog|
-bpl-8anm1®+3bn13-3bH1® +bnl’

7Cosh[1 <c+dx)] 7Sinh[1
2

A (c+dx)] +Cosh[§ (c+dx)]1¢175inh[1 (c+dx)] =]+

2
12acH1®>-5bcnl?+12adxn1? - 5bdxn1® + 24 a Log| - Cosh

[%(c+dx>]—
Sinh|[ =~ (c+dx)] +Cosh| (c+dx)]n1—sinh[%(

c+dx)|n1] n1*-1@bLog|
~Cosh|

N[RN[R

(c+dx)] -sinh|

N[RN[R

(c+dx)] +Cosh[1 (c+dx)]ﬁlfsinh[1 (c+dx)]m]
2 2
le—12acm14+5bc1114—12adx1114+5bdx1¢14—24aLog[—Cosh[l (c+dx)] -

2
Sinh[; (c+dx)] +Cosh[§ (c+dx)]:¢1-51nh[1 (c+dx) ] =] m1®+

10b Log|-Cosh|[ = (c+dx] | —Sinh{1 (c+dx)] +Cosh{1 (c+dx)]m1-
2 2
Sinh[1 (c+dx)]m] H14+bc1116+bdx1115+2bLog[—Cosh[l (c+dx)] -
2
Sinh[1 (c+dx)] +Cosh| = (c+dx)]1¢1—sinh[1 (c+dx)]m] Hlsj &]
2 2 2

Problem 246: Result is not expressed in closed-form.

Cschc+dx]
J dx
(abeinh[Cerx]“)2

Optimal (type 3, 325leaves, 11 steps):

1/4
b1/4 ArcTan { b'/* Cosh[c+d x ]

bl/4 ArcTan[M}
Ve VVa VB
8 a3/2 (x/?—x/?)md

2a2+/+va -V/b d

bl/4 ArcTanh [ b?/4 Cosh[c+d x
ArcTanh[Cosh[c +d x]]

bl/4 ArcTanh [ b'/4 Cosh[c+d x }

. \Va Vb . \Va Vb
a2d 8 33/2 (\/;Jr\/F)s/zd 5 52 \E+W g
bCosh[c+dx] (2-Cosh[c+dx]?)

4afa-b)d(a-b+2bCosh[c+dx]2-bCosh[c+dx]?)
Result (type 7, 774 leaves):



54 | Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb

1 16ab (-5Cosh[c+dx] +Cosh[3 (c+dx)])
32a%d

(a-b) (8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx)]) )

B

> (c-ax)]] -

b-4bn12-16an1*+6bnl*-4bn1®+br1® &,

1
32 Log[Cosh| = (c+dx)]] +32Log[Sinh b RootSum|
2

a-b
1
-b#l-8an1®+3bx13-3bal®+ bul’

1 . 1
(—5ac+4bc—5adx+4bdx—10aLog[—Cosh{; (c+dx)] —Slnh[; (c+dx) ]+

Cosh[i (c+dx)] Hl—Sinh[i (c+dx)]m] +8bLog[—Cosh[§ (c+dx)] -

Sinh[1 <c+dx)] + Cosh]|

" <c+dx)]tt1—sinh[

<C+dX>]H1] +

N |
N |

1
19acn1’?-12bcnl?+19adxn1?-12bdxn1%+38aLog|[-Cosh| ~ (c+dx)] -
2

Sinh[% (c+dx)] +Cosh[% (c+dx)] ﬁl—Sinh[% (c+dx)] =] n1?-
24bLog[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[% (c+dx)]m1-

Sinh[= (c+dx)|#1]#1?-19acnl*+12bcnl*-19adxn1% + 12bd x #1* -

N R

38aLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)]m1-
2 2 2

Sinh[= (c+dx) | u1] 11t14+24bLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)]+
2 2 2

Cosh[1 <c+dx)] 1:t1—Sinh[1 (c+dx” ttl] #1*+5acH1®-4bc1® +
2 2
5adx#1®-4bdxH1°+ 10 a Log[-Cosh]|

(c+dx)]-sinh[= (c+dx)] +

N |
N |

Cosh[1 (c+dx)] 111—Sinh[1 (c+dx)]m] 1116—8bLog[—Cosh[1 (c+dx)] -
2 2 2

Sinh[% (c+dx)] +Cosh[§ (c+dx)] ulfsinh[i (c+dx)]m] mG] &

Problem 253: Result is not expressed in closed-form.

dx
3

J Sinh[c+dx]°
(a-bsSinh[c+dx]*)

Optimal (type 3, 315leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb | 55

(5 a-14+/a /b +12 b) ArcTan | 2= Coshlerdxl | (5 a+14+/a b +12 b) ArcTanh| b* Coshlcrdx] ]

JEe VVa b
64a (ﬁfﬁ)mb-"/“d 64+/a (\/?+W)5/2b9/4d

aCosh[c+dx] (a+b-bCosh[c+dx]?)

8 (a-b) b2d (a—b+2bCosh[c+dx]2—bCosh[c+dx]4)27

Cosh[c+dx] (9a?-11ab-10b?-2 (2a-5b) bCosh[c+dx]?)

32 (a-b)?b%d (a-b+2bCosh[c+dx]2-bCosh[c+dx]*)

Result (type 7, 1021 leaves):
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1
128 (a-b)?b%d

32Cosh[c+dx] (-9a*+13ab+5b%+ (2a-5b) bCosh[2 (c+dx)])) /

(8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx)]|) +
512a (a-b) Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])

(78a+3b—4bCosh[2 (c+dx)} +bCosh[4 <c+dx)])2 )
RootSum|[b-4bn1%-16a#1* + 6 bnl® - 4b=1° + br1® &,
1

-bpl-8am1®+3bn13-3bH1% +bnl’

-2abc+5b’c-2abdx+5b*dx-4abLog|

1

~Cosh| = (
2

c+dx)] —Sinh[% <c+dx)] + Cosh]|

N |

(c+dx)]1¢1—sinh[1 (c+dx)]1¢1] "
2
2 1 . 1 1
10 b? Log |- Cosh[ = (c+dx” —Slnh[; (c+dx” +Cosh[; (c+dx”m1—
2
Sinh[ = <c+dx)]nl} ~10a%ct1?2+28abcr1?-39b%2c 1?2 -10a%dx 1?2+
2

28abdx1112—39b2dX1112—20a2Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +
2

2
COSh[% (c+dx)] Hl—Sinh[% (c+dx)]m] H12+56abLog[—Cosh[§ (c+dx)] -
Sinh[% (c+dx)] +Cosh[% (c+dx)] 1::1-Sinh[§ (c+dx) ] =] m1?-
78b2Log[—Cosh[E (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)]m1-
Sinh[i (c+dx)] =] =12 +10a% cn1® - 28abcnl* + 39 b2 c 11t +
10a2dxul“—28abdxtt14+39b2dx1114+20a2Log[—Cosh[i (c+dx)] -
Sinh[; (c+dx)] +Cosh[% (c+dx)] 1::1-Sinh[§ (c+dx) ] =] m1®-

56ab Log|[-Cosh|~ (c+dx)] —Sinh{l (c+dx)] +Cosh[l (c+dx)]m1-
2 2
Sinh|

[_

1 1 1

=~ (c+dx) ]| =] H14+78b2Log[—Cosh[; (c+dx)] —Sinh[; (c+dx)]+
2

1

2

Cosh]| <c+dx)]tt1—sinh[

N | R

(c+dx)]| =] #1*+2abcn1®-5b*cni®+

2abdxms-5b2dxm‘3+4abLog[-Cosh[1 (c+dx)] -Sinh[1 (c+dx)]+
2 2

Cosh|[ = (c+dx) ] J:tl—Sinh[l (c+dx) ] =1] 11° - 10 b Log|-Cosh|

2 2

(c+dx)] -

N |

Sinh[g <c+dx)] +Cosh[§ (c+dx)]n1—sinh[§ (c+dx)]nl] 16

—

8]
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Problem 254: Result is not expressed in closed-form.

dx
3

J Sinh[c+dx]7
(a-bsinh[c+dx]?)

Optimal (type 3, 290 leaves, 6 steps):

3 (\E -2 \/F) Ar‘cTan[gl—Lbl’/aCOSh cxdx | 3 (\/? +2 \m) Ar‘cTanh[gw’mCOSh o ]

JVab JVawb
64+/a (ﬁa/?)mbmd 64+/a (\/?+\m)5/2b7/4d

aCosh[c+dx] (2-Cosh[c+dx]?)

+

8(a-b)bd(a-b+2bCosh[c+dx]2-bCosh[c+dx]*)?
Cosh[c+dx] (5a-17b-3 (a-3b) Cosh[c+dx]?)

32 (a—b)zbd (a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 802 leaves):
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1 32Cosh[c+dx] (-7a+25b+3 (a-3b) Cosh[2 (c+dx)])

+

256 (a-b)*bd 8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dX)]

512a (a-b) (-5Cosh[c+dx] +Cosh[3 (c+dx)])

(-8a+3b-4bCosh[2 (c+dx) | +bCosh[4(c+dx)])2

3RootSum|[b-4bn1?-16an1*+6bnl* -4bu1® + bu1f &,
1

ac-3bc+adx-3bdx+2alog]
~bml-8an1®+3br13-3bxl®+ bnl’
& 2

-Cosh A (c+dx) ] -sinh A (c+dx)] +Cosh[§ (c+dx”tt1—sinh[§ (c+dx)]m]-

<c+dx)] —Sinh[l <c+dx)] +Cosh[1 (c+dx)]111—

6b Log[—Cosh[
p 2

N |

Sinh[l (c+dx)| =] -3acH1?+17bcn1*-3adxn1®+17 bdx11® -
2

1

6alog|[-Cosh|~ (c+dx)]-Sinh[= (c+dx)]|+Cosh[~ (c+dx)]nl-

N |
N |

N

Sinh[E (c+dx)]m] 1:t12+34bL0g[—Cosh[E (c+dx)] —Sinh[l (c+dx)]+

2 2 2
Cosh[E (Certhtl—Sinh[1 (C+dX)]H1} #12+3acnHl*-17bcul* +
2 2
3adx1¢1“—17bdxtt1“+6aLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)]+
2 2

Cosh[l (c+dx)] 1_¢1—Sinh[l (c+dx)]m] ml“—34bLog[—Cosh[l (c+dx)] -
2 2 2

Sinh[E (c+dx” +Cosh[l (c+dx”1:t1—$inh[1 (c+dx)]1:tl} 1% - ac 1 +
2 2 2
3bcn1®-adxn1®+3bdxH1® - 2alog|-Cosh|

(c+dx)} - Sinh]| (c+dx” +

N | =
N |

Cosh[l (c+dx)] ttl—Sinh[1 (c+dx)]m] tt16+6bLog[—Cosh[1 (c+dx)] -
2 2 2

Sinh[i (c+dx)] +Cosh[% (c+dx)] ttl—Sinh[% (c+dx)]m] ttls) &

Problem 255: Result is not expressed in closed-form.

Sinh[c+dx]>
J dx
(

a—bSinh[c+dx]4)3

Optimal (type 3, 313 leaves, 6 steps):
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(3a—10\/a_\/3+4b) ArcTan [ B Coshic=dx] | (3a+16x/?x/?+4b) Ar‘cTanh{g‘—Lbl’uICOSh cedxl ]

Ve Ja b
64 a3/2 (ﬁfﬁ)m bS/4 d 64 a3/2 (\E+\/K>S/2 bS/4 d

Cosh[c+dx] (a+b-bCosh[c+dx]?)

8(a-b)bd(a-b+2bCosh[c+dx]2-bCosh[c+dx]*)?

Cosh[c+dx] (a?-11lab-2b2+2b (2a+b) Cosh[c+dx]?)

32a(a-b)*bd (a-b+2bCosh[c+dx]2-bCosh[c+dx]*)

Result (type 7, 1019leaves):
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32Cosh[c+dx] (a2-9ab-b?+b (2a+b) Cosh[2 (c+dx)])

1
a(8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx)])

128 (a-b)*bd
512 (a-b) Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])
2

+

-8a+3b-4bCosh[2 (c+dXx) | +bCosh{4(c+dxH)

(
1RootSum[b—4bt112-16at11“+6b1:1“-4btt16+bml8 &,
a

1

2abc+b’c+2abdx+b*dx+

-bul-8an1®+3bu1®-3bnl® +bnul’

4abLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)]m1-
2 2 2
Sinh|[= (c+dx) | =] +2b2Log[—Cosh[l (c+dx)]-sinh[= (c+dx) ]+

2 2

2
Cosh[* (c+dx)]1¢1—sinh[1 (c+dx”tt1] +6a2ct1?-32abctl1?+5b%cul?+

2

2
6a’dxt1?-32abdxn1?+5b%dxn1? +12a” Log|[-Cosh |~ (c+dx)] -
2

Sinh|[= (c+dx) | +Cosh[§ <c+dx)]tt1—sinh[£ (c+dx) ] =] m1?-

2

64abLog[—Cosh[l (c+dx)] —Sinh{l (c+dx)] +Cosh{l (c+dx)]m1-
2 2 2

(c+dx)] #1] #12+ 10 b? Log| - Cosh [1

(c+dx)| =] n1>-6a?cni*+32abcnl®-

[1(c+dx)]—sinh (c+dx)]+

1
Sinh[ =
2

1
Cosh[f <c+dx)] Hl—Sinh[

2
5b>cnl®-6a’dxni®+32abdxnl®-5b>dxH1* - 12a’ Log[-Cosh|~ (c+dx) | -
2

N | =

Sinh|[= (c+dx) | +Cosh[l <c+dx)]nl—sinh[; (c+dx)] m1] m1%+
[1 (c+dx)] +Cosh[§ (c+dx)]=1-

1(c+dx)]+

Cosh[1 (c+dx) ] -sinh
2
2

64 ab Log
1
[f (c+dx)] —Sinh[

[,
Sinh[1 (c+dx)] #1] #1* - 18 b? Log | - Cosh
2

: (c+dx)] =] n1*-2abcni®-b’cnl® -

1
Cosh|— (c+d #1 - Sinh
2 (e 1 sion
2abdxn16—b2dxnls—4abLog[—Cosh[l(c+dx)]—$inh[—(c+dx)]+
2 2
1

Cosh[1 (c+dx)] ﬁlfsinh[1 (c+dx) ] =] #1°-2b?Log[-Cosh|[ =~ (c+dx)] -
2 2 2

Sinh|[= (c+dx) | +Cosh[1 (c+dx)] Hlfsinh[; (c+dx)]m] u16] &

2 2
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Problem 256: Result is not expressed in closed-form.

dx
3

J Sinh[c+dx]3
(a-bsinh[c+dx]?)
Optimal (type 3, 288 leaves, 6 steps):

(S\EfZW)ArcTan[m“*—dxl] (5\E+2W)Achanh[w[C+_dXL]

Jveve JVa b
64 a3/2 (ﬁfﬁ)mbmd 64 a3/2 (\E+W)5/2b3/4d

Cosh[c+dx] (2-Cosh[c+dx]?)

8(a-b)d(a-b+2bCosh[c+dx]2-bCosh[c+dx]*)? .
Cosh[c+dx] (11a+b- (5a+b) Cosh[c+dx]?)

32a (a—b)zd (a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 802 leaves):
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1 32Cosh[c+dx] (-17a-b+ (5a+b) Cosh[2 (c+dXx)])

+

256 (a-b)?d |a(8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dX)])

512 (a-b) (-5Cosh[c+dx] +Cosh[3 (c+dx)])

-8a+3b-4bCosh|2 (c+dxH +bCosh[4(c+dx)])2

1 2 4 4 6 8
—RootSum[b—4bH1 -16af#1*+6bH1" -4bH1" + bHl® &,
a

1

S5ac+bc+5adx+bdx+10alog|
-brl1-8an1®+3bx13-3bH1® + bnl’

—Cosh[i (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx”m1—sinh[§ (c+dx)]m]+
2bLog[—Cosh[% (c+dx)] —Sinh{% (c+dx)] +Cosh{% (c+dx)]m-

Sinh[E (c+dx”tt1] ~47act1?+5bctl1?-47adxt1?+5bdxH12 -
2

94 a Log[—Cosh[1 (c+dx) | -sinh|
2

N R

(c+dx” +Cosh[§ (c+dx”trl—

Sinh[l (c+dx)]m] 1112+1(abLog[—Cosh[l (c+dx)] —Sinh[1 (c+dx)]+
2 2 2

Cosh[l (c+dx”1:t1—sinh{l (c+dx)]n1} n12+47acul*-5bcmlt +
2 2

1

[,

47adxtt1“—5bdx1114+94aLog[—Cosh[1 (c+dx)] -sinh[= (c+dx)] +
2 2

Cosh[E (c+dx)] 111—Sinh[1 (c+dx)]|m] 1114—10bLog[—Cosh[1 (c+dx)] -
2 2 2

Sinh[l (c+dx)] +Cosh[1 (c+dx)] ttl—Sinh[1 (c+dx)] =] m1*-5acnH1®-
2 2 2
bcui®-5adxn1®-bdxn1®-10aLlog|-Cosh| 1

(c+dx)]-sinh[= (c+dx) ]+

N

1
2
1 1 1
Cosh|[~ (c+dx) | #1-Sinh[~ (c+dx)]|n1] #1°-2bLog[-Cosh[~ (c+dX)]| -
2 2 2

Sinh[% (c+dx)] +Cosh[§ (c+dx)] mlfsinh[i (c+dx)]|m] ms) &|

Problem 257: Result is not expressed in closed-form.

dx
3

J Sinh[c +dXx]
(a-bsinh[c+dx]*)

Optimal (type 3, 313 leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb | 63

3 (7a—10\/?\/F+4b) Ar‘cTan[wM] 3 (7a+16\/?\/F+4b) Ar‘cTanh[wM}

Jvave JVa b
64 a5/2 (\Gfﬁ)m bl/4 d 64 a5/2 (x/?m/?)m bl/4 d

Cosh[c+dx] (a+b-bCosh[c+dx]?)

+

8a(a-b)d(a-b+2bCosh[c+dx]2-bCosh[c+dx]*)?

Cosh[c+dx] ((7a-3b) (a+2b) -6 (2a-b) bCosh[c+dx]?)

32a? (a-b)?d (a-b+2bCosh[c+dx]2-bCosh[c+dx]*)

Result (type 7, 1018 leaves):
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1 32Cosh[c+dx] (7a?+5ab-3b?+3b (-2a+b) Cosh[2 (c+dx) )

N
128 a2 (afb)zd 8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dX)]

512a (a-b) Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])

(-8a+3b-4bCosh[2 (c+dx) | +bCosh[4(c+dx)])2

3RootSum|[b-4bn1?-16an1*+6bnl* -4bu1® + bu1f &,

! -2abc+b?’c-2abdx+b?*dx-4ablog|
-br1-8am13+3bm13-3ba1° + b1’
—Cosh[l (c+dx)] —Sinh[E (c+dx)] +Cosh[l (c+dx”1:t1—sinh[l (c+dx)]m]+
2 2 2 2

2 b? Log[—Cosh[1 (c+dx) ] -sinh|
2

N |

(c+dx” + Cosh|

N |

(c+dx)]m1-
Sinh[l (c+dx)| =] +14a%cn1®-12abcnl?+5b> c11® + 14 a° d x 112 -
2

12abdx1_¢12+5b2dx1112+28a2Log{—Cosh[l (c+dx)] —Sinh[l (c+dx)]+
2 2

Cosh[E (c+dx)] ttl—Sinh[1 (c+dx)]m] 1:t12—24abLog[—Cosh[l (c+dx)] -
2 2 2

Sinh[E (c+dx” +Cosh[l (c+dx”111—sinh[
2 2

N |

(c+dx)]tﬁl} 712 +
10b2Log[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)]m1-

Sinh[l (c+dx)] =] u1?-14a%cu1*+12abcnl*-5b% cul1® -
2

14a?dxu1*+12abdxul* - 5b?dxH1* - 28 a2 Log[-Cosh[l (c+dx)] -
2

Sinh[E (c+dx” +Cosh[
2

N |-

(c+dx”111—sinh[

N |

(c+dx)]tﬁl} #14 +

24 ablog|-Cosh|— (c+dx]) | -Sinh|— (c+dx] | + Cosh|— (c+dx] | #1 -
1 1 1
2 2 2

=X

Sinh[% (c+dx)]m] Jil“—l@szog{—Cosh[2 : (

c+dxH—Sinh[2 c+dx) ]+

Cosh[E (c+dx”1:t1—$inh[1 (c+dx ]ttl} #1*+2abcnl® - b? c 1+
2 2

2abdx1116—bzdx1116+4abLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)]+
2 2
) [-

Cosh[l (c+dx”tt1—sinh[1 (c+dx) ] =1] =1°-2b” Log Cosh[1 (c+dx)] -
2 2 2

Sinh[i (c+dx)] +Cosh[% (c+dx)] ttl—Sinh[% (c+dx)]m] ttls) &

Problem 258: Result is not expressed in closed-form.

Csch[c +dx]
J dx
(

a—bSinh[c+dx]4)3
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Optimal (type 3, 617 leaves, 16 steps):

(5 Va - 2\/?) pl/4 Ar‘cTan[—'—Lbl/aCOSh crdx | b4 Ar‘cTan[—f—Lbl’mCOSh crdx ]
G V& b

642%2 (Va - b |*"d 8a%2 (vVa - Vb |7 d
bl/4 Ar‘cTan[—f—Lbl/q Cosh[c+dx bl/4 Ar‘cTanh{bm#ShLdXL
Va -\Vb ArcTanh[Cosh[c +d x]] Va +Vb
- +
2223 - Vb d a’d 8a5/2(\/a_+\/F)3/2d

bl’4 ArcTanh { MM_} 5+va +2+/b | b4 ArcTanh [ bl/4 Coshlcad x ]
Jw )| ) [Teots

5/2
202[Va + Vb d 64252 (\a +\/b | " d

bCosh[c+dx] (2-Cosh[c+dx]?)

8a(a-b)d (a—bJerCosh[cerx]z—bCosh[Cerx}“)2 .

bCosh[c+dx] (2-Cosh[c+dx]?)

4a’(a-b)d(a-b+2bCosh[c+dx]?-bCosh[c+dx]*)
bCosh[c+dx] (11a+b- (5a+b) Cosh[c+dx]?)

32 a2 (a—b)zd (a-b+2bCosh[c+dx]?-bCosh[c+dx]*

Result (type 7, 1274 leaves):
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2 (-5bCosh[c+dx] +bCosh[3 (c+dx)])

a(a-b)d(-8a+3b-4bCosh[2 (c+dx)]+bCosh[4 (c+dx>])2
(69 abCosh[c+dx] -39b*Cosh[c+dx] -13abCosh[3 (c+dx)] +7b?Cosh|3 (c+dx”)/
(16a2 (a-b)*d (-8a+3b-4bCosh[2 (c+dx)] +bCosh[4<c+dx)])) -
Log[CoshE (c+dx)]] Log[Sinh[i (c+dx)]]
ad : a*d i
1

RootSum[b-4bn1%-16a#1* + 6 bal* - 4b=1° + br1® &,
256 a3 (a—b)zd

1

45a’bc-71lab’c+32b>c+45a*bdx-71lab’dx+
-brl-8ar1l®+3bn13-3bn1® + bal’
32b3dx+9032bLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)]m1-
2 2 2
Sinh[E (c+dx)]|m] —142ab2Log[—Cosh[£ (c+dx)] —Sinh[l (c+dx)]+
2 2 2
Cosh[l (c+dx”tt1—sinh[l (c+dx)]m] +64b3Log[—Cosh[1 (c+dx)] -
2 2 2

Sinh[l (c+dx” +Cosh[l (c+dx”1:t1—sinh{l (c+dx”nl} -199a%bcul?+
2 2 2
253ab?cH12-96b3cn12-199a’bdxH12+253ab®dxH12-96b>dx 1% -398a%b

Log[—Cosh[% (c+dx)] —Sinh{% (c+dx)] +Cosh{% (c+dx)] nl—Sinh[% (c+dx)]m]

1112+506ab2Log[—Cosh[E (c+dx)] 7Sinh[l (c+dx)] +Cosh[l (c+dx)]m1-
2 2 2
Sinh[l (c+dx)]m] 11127192b3Log[7Cosh[E (c+dx)] 7Sinh[l (c+dx)]+
2 2 2
1
[_

Cosh[l (c+dx)}m1—sinh (c+dx)]ﬁ1} 112 +199 a2 b c 114 -
2

253ab?cH1*+96b% cl? +199a’bdx 1% - 253 ab%dx 1% + 96 b3 d x 1% + 398 a% b

Log[—Cosh[1 (c+dx)] —Sinh{l (c+dx)] +Cosh{l (c+dx)] 111—Sinh[1 (c+dx)]m]
2 2 2 2
1114—506ab2L0g[—Cosh[E (c+dx)] 7Sinh[l (c+dx)] +Cosh[l (c+dx)]m1-
2 2 2

sinh[l (c+dx)]m] tt14+192b3Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)]+
2 2 2
Cosh[l (c+dx” iztl—Sinh[l (c+dx)]ﬁ1} 1% -~ 45a2bcnl +
2 2
71ab?ct1®-32b3cH1%-45a2bdx 1%+ 71ab?dx =15 -32b3dx 1% -90a%b

Log[—Cosh[% (c+dx)] —Sinh{% (c+dx)] +Cosh{% (c+dx)] Hl—Sinh[%
1
)

1116+142ab2L0g[—Cosh[E (c+dx)]-sinh[= (c+dx) | +Cosh[l (c+dx)]m1-
2 2 2

(c+dx)]m]

Sinh[E (c+dx)]|m] 1115—64b3Log[—Cosh[1 (c+dx)] -
2 2

Sinh[% (c+dx)] +Cosh[§ (c+dx”m1—sinh[§ (c+dx)] =] 1’| &]
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Problem 266: Result unnecessarily involves imaginary or complex numbers.

J; dx
1+Sinh[x]*4
Optimal (type 3, 176 leaves, 10 steps):
ArcTan [ @] ArcTan [ @m}

—1+\/? —1+\/7
_ . v _
4+/1++/2 4+/1++/2

\V1++v/2 Log[vV2 -2+/1++/2 Tanh([x] +2Tanh(x]?] +
\V1++/2 Log[1+ 2(1+\/7) Tanh([x] ++/2 Tanh[x]?]

1
8
1
8

Result (type 3, 45leaves):
ArcTanh[+/1-1 Tanh[x]] ArcTanh[+/1+i Tanh[x] |
+
2vV1-1 21+ 1

Problem 267: Result is not expressed in closed-form.

1
J— dx
a+bSinh[x]®

Optimal (type 3, 435leaves, 17 steps):
5 ArcTanh [ bl/5_al/5 Tanh| X ] ) (7 1) 9/10 ArcTanh [ (-1)9/10 ( (-1)1/5 b¥/5+al/5 Tanh Lﬁ” ]

[ a2/5.+p2/5 \/ ~(-1) 4/5 32/5, (-1) 1/5 p2/5
- + +
5a%/5+/a%/5 4 b2/5 5 g4/5 \/_(_1>4/5 a2/5 (_1)1/5 b2/5
2 (~1)2/% ArcTanh [ ZUL SN g9 gy [ 2 R T
(-1) 2/5 32/5,p2/5 —(-1)%/5 a2/54 (-1)3/5 p2/5
n _
5 94/5 \/ (_1>2/5 22/5 4 p2/5 5 94/5 \/_ (_1>4/5 a2/5 4 (_1>3/5 bh2/5

1 6Y/5- (-1)%/% 3V/5 Tanh | X |

2 (-1)°*® ArcTanh|
_ (71)4/’5 a2/57b2/'5

5 g4/5 \/7 (71>4/5 32/5 _ p2/5
Result (type 7, 141 leaves):

8
— RootSum|[-b+5b#12-10bn1* +32a11° +10bn1® - 5bn1® + b1 &,
5

X113+ 2 Log[—Cosh[f] —Sinh[f] +Cosh[§] ml—Sinh[?] w1 =13

&
b-4bnl?+16am1®+6bnl*-4b1% + bl ]

| 67
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Problem 268: Result is not expressed in closed-form.

1
j ———dx
a+bSinh[x]®
Optimal (type 3, 175leaves, 7 steps):
ArcTanh [ {22222 femhixt | ppcyany a2l Tamhixt | pncrap | et b Tamie

al/e al/e al/e
+ +
3a%/6+/al/3 - pl/3 3 35/6 x/al/sJr (-1)%2p/2 3 5/6 \/31/3_ (-1)%2bt/2

Result (type 7, 134 leaves):

16 2 3 3 4 5 6
—RootSum[b—tht1+15btt1 +64at1°-20b11° +15b 1" -6b 11 + b1° &,
3

x 712 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] #1?

-b+5bfl+32an12-10b112+10b 113 - 5b 114 + bH1°

8]

Problem 269: Result is not expressed in closed-form.

1
J— dx
a+bSinh[x]8

Optimal (type 3, 245 leaves, 9 steps):
ArcTanh [ A ()4 bY/* Tanhx] ] ArcTanh [ [ (-a)¥/4-i b¥/* Tanh[x] ]

(73)1/8 (-a)/®

4<_a>7/8 (_a)1/4_b1/4 4(—3)7/8\/(—3)1/4—]ib1/4

Ar‘cTanh[ (-a)Y¥*+i bY* Tanh[x] } Ar‘cTanh[ (-a)Y4+bY/* Tanh[x] ]

(73)1/3 (73)1/8

4(7a)7/8\/<7a)1/4+jb1/4 4 (—a)7/8 ./ (—a)l/4 . pl/a

Result (type 7, 160 leaves):

16RootSum[b—8bml+28b1112—56bul3+256a1114+70b1114—56b1115+28bt115—8bn17+b1118&,
(x 513 + Log [~ Cosh [x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] u1?) /
(-b+7bul-21bn1?+128an1®+35b11®-35bu1% +21b w1 - 7bul® + bul’) &

Problem 270: Result is not expressed in closed-form.

1
ji dx
1+Sinh[x]?

Optimal (type 3, 242 leaves, 17 steps):
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2 (-1)%° Ar‘cTan[hH)s/5Tamh : ]
B —1+(-1)Y/5 .

54/-1+ (71)1/5

2 (-1)° At~cTan[i_<_l>g/1eTanh : ] 1 Tanh|[*]

X
L (-1)4/5 1 N
Sy NG Ar‘cTanh[iz}Jr
5

541+ (-1)%° V2

(-1)7/% (14 (-1) ¥/ Tanh [ %]}

2 (—1)9/10 ArcTanh | ] 1-(-1)%/5 Tanh[ X
07 (1 ) 2 (-1)*° ArcTanh| o
3/5
BJ_(_]_)Z/S (1+<_1>2/5) 5 1—(—1)
Result (type 7, 439 leaves):
—1+Tanh[5}
— Z\EArcTanh[iz} -
10 \/?
1

RootSum[1+ 281 +211% +1411% - 211° - 2617 + =18 &,

1+31812+28113 -501%- 7515+ 4117

—x—2Log[—Cosh[i] —Sinh[i] +Cosh[5] iilfsinh[i] H1] -4 xul -
2 2 2 2
8 Log[-Cosh[ =] - sinh[>] +Cosh[ ] m1 - Sinh[>]=1] =1 -9 xm1? -
2 2 2 2

18 Log [~ Cosh| | ~sinh[>] + Cosh[ > ] =1 - Sinh[ > ] m1] #1% - 24 x 1113
2

N
X N
N

48 Log[—Cosh[i] —Sinh[i] + Cosh | —] iilfsinh[i] #1] 513 + 9 x11% +

2 2 2 2
18 Log[-Cosh| ] - Sinh[ ] + Cosh[ ] =1 - Sinh[ ] 1] #1% - 4 x 7315 -
2 2 2 2

8Log[—Cosh[§] _sinh[g} +cosh[§} nl—Sinh[g] 1] 515+ x 718 +

2Log[—Cosh[§] _sinh[g} +cosh[§} nl—Sinh[g] = ms) &

Problem 272: Result is not expressed in closed-form.

1
Jidlx
1+Sinh[x]8

Optimal (type 3, 129leaves, 9 steps):
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ArcTanh[/1- (-1)"* Tanh([x]] ArcTanh[/1+ (-1)** Tanh[x] ]

+ +

a5/1-(-1)"* a1+ (-1)Y*

ArcTanh[+/1- (-1)%* Tanh([x]] ArcTanh[{/1+ (-1)>* Tanh[x]]

+

4 17(71)3/4 4 1+(71)3/4

Result (type 7, 127 leaves):
16 RootSum [1 - 811 +28H12-56113 + 326 #1*% - 56 1#1° + 28 1#1° - 8 117 + 1118 &,
x 713 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] 1] =13 8

-1+781-2151%+163 513 - 35714 + 21 715 - 7 716 + 117

Problem 273: Result is not expressed in closed-form.

1
J - ax
1-Sinh[x]°
Optimal (type 3, 228 leaves, 17 steps):
2 (-1)% ArcTan[4L—Lj”(fl>maTanh H ] 2ArcTanh| (-1)¥*-Tanh |} ]

A/ 1-(-1)1/5 _(_1)1/5 1
- ey - Sy + —x/?Ar‘cTanh[
5

5 1_(_1)1/5 5 1_(_1>1/5

~1)4/5:Tanh| %

2Ar‘cTanh[ 2 (_1) 1/10 Ar‘cTanh[ (-1)* (14 (-1)%/* Tanh| %] ] }
1-(-1)3/° ) (71)1’/5“71)3/5
5 1—(-1)3/5 5\/(_1>1/5+(_1)3/5

Result (type 7, 437 leaves):
1+ Tanh[i]
2 \EAr‘cTanh[iz] +

V2

10

1

1+Tanh[§]

V2

|+

RootSum[1 - 211 -2411%+1451% + 211° + 26517 + 118 &,

—x—ZLog[—Cosh[E] —Sinh[g] +Cosh[§] ﬁlfsinh[g] m1] +4xHl+
8 Log[—Cosh[g] —Sinh[z} +Cosh[§} Hl—Sinh[g] H1] 51 -9 xH1? -
18 Log[—Cosh[z] —Sinh[f] +Cosh[§] u1-Sinh[§] m1] 112 + 24 x 113 +
48 Log[—Cosh[E] —Sinh[g] +Cosh[§] ﬁlfsinh[g] #1] 513 + 9 x11% +
18 Log[7Cosh[§] —Sinh[g] +Cosh[§] nlfsinh[g] 51 214 4 xS+

8Log[—Cosh[§] _Sinh[g} +cosh[§} nl—Sinh[g] 1] 515 4 x 316+

2Log[—Cosh[§] _Sinh[g} +cosh[§} nl—Sinh[g] n1] ms) &

-1-3#12 428113 + 55814+ 711% + 4117
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Problem 292: Result more than twice size of optimal antiderivative.

JSech[Cerx]6 (a+bsSinh[c+dx]?) dx

Optimal (type 3, 54 leaves, 3 steps):
aTanh[c+dx] (2a-b)Tanh[c+dx]?> (a-b)Tanh[c+dx]®

+

d 3d 5d

Result (type 3, 117 leaves):
8aTanh[c+dx] 2bTanh[c+dx] 4aSech[c+dx]%Tanh[c+dx]

+ +

15d 15d 15d
bSech[c+dx]?Tanh[c+dx] aSech[c+dx]*Tanh[c+dx] bSech[c+dx]*Tanh[c+dx]

+

15d 5d 5d

Problem 315: Result more than twice size of optimal antiderivative.

JSech[c+dx]8 (a+bSinh[c+dx]2)3d1x

Optimal (type 3, 80leaves, 3 steps):

a®Tanh[c+dx] a’(a-b)Tanh[c+dx]? 3a(a—b>2Tanh[c+dx]5 (a—b)3Tanh[c+dx]7
_ . _

d d 5d 7d

Result (type 3, 163 leaves):

d(512a3—304a2b+192ab2—50b3+ (464 a*+232a’b-246ab”>+75b%) Cosh[2 (c+dX) | +
1120

2 (64a°+32a’b+24ab?-15b%) Cosh[4 (c+dx) | +
16 a> Cosh[6 (c+dx)]| +8a®bCosh[6 (c+dx)| +6ab?Cosh[6 (c+dx)] +
5b®Cosh[6 (c+dx)]) Sech[c+dx]®Tanh[c+dx]

Problem 345: Result more than twice size of optimal antiderivative.

Sech[c +dx]
J dx
(

a+bSinh[c+dx]2)3

Optimal (type 3, 159 leaves, 6 steps):

2 2 2/b Sinh[c+dx]
ArcTan[Sinhcsdx)] VP (152°-10ab+3b?) ArcTan| = ]

(a-b)°d 7 8a*2 (a-b)’d

bSinh[c+d x] (7a-3b) bsinh[c+dx]

4a(a-b)d(a+bSinh[c+dx]2)? 8a?(a-b)?d (a+bSinh[c+dx]?)

Result (type 3, 321 leaves):
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1

(—2a+b)2
8a*2 (a-b)>d (2a-b+bCosh|2 (c+dx”)2

+

\/a Cschlc+dx] ] +16a5/2Ar~cTan[Tanh[l (c+dx)]]

Vb 2
V?Csch[c+dx]
Vb

Cosh|[2 (c+dx)}2—2\/;b (18a°-35a’b+20ab?-3b’) Sinh[c+dx] -
\/?Csch[c+dx]]
N
Vo

++Vab(7a2-10ab+3b?) Sinh[c+dx]

[\/F (15a®-10ab+3b?) ArcTan |

(bS/Z (15a®-10ab+3b?) ArcTan]| | +16a°/2b? ArcTan[Tanh|

N |

e-ax)]]]

2bCosh[2 (c+dx) |

- (2a-b) (\/F (15a°-10ab + 3 b?) ArcTan |

16 a°/2 ArcTan [Tanh[1 (c+dx) 1]
2

Problem 350: Result more than twice size of optimal antiderivative.
3
J Cosh[x] dx
1-Sinh[x]?
Optimal (type 3, 10leaves, 3 steps):
2 ArcTanh[Sinh[x]] - Sinh[x]

Result (type 3, 29leaves):
Sinh[x]
2

-2 (lLog[l—Sinh[x]} - 1Log[1+Sinh[x}] +
2 2

Problem 357: Result unnecessarily involves imaginary or complex numbers.

jCosh[e+1‘x]4\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 301 leaves, 7 steps):
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2 (a-3b) Cosh[e+fx] Sinh[e +fx] \/a+bSinh[e+1‘:x}2
- +
15b f
Cosh[e+fx] Sinh[e+fx] (a+bSinh[e+fx]2)>?

5bf

+

b
((2 a’-7ab-3b?) EllipticE|[ArcTan[Sinh[e+fx]], 1- —]| Sech[e + fx]
a

\/a+bSinh[e+-Fx]2

/ 15bzf\/5ech[e+Fx]2(a+bsinh[e+fx}2) )
a

b
((a—9b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+fx}2 )/
a

Sech[e+fx]? (a+bSinh[e+fx]2)
15b f
a

(2a?-7ab-3b?) \/a+bsinh[e+1:x12 Tanh[e + fx]
15 b? f

Result (type 4, 211 leaves):

2a-b+bCosh[2 (e+f
161’1a(2a2—7ab—3b2)\/ a-b+bCosh[2 fe+fx)] EllipticE[i (e+fx), E]—
a a
2a-b+bCosh[2 (e+f
321‘1a(a24ab+3b2)\/ abrbCosh[2fe-fx)| EllipticF[i (e+fx), E]+
a a

V2 b (8a>+32ab-15b>+4b (4a+3Db) Cosh|[2 (e+1:x)] +3b%Cosh|[4 (e+fx)”

sinh[2 (e+fx)] /(240b2f\/2a—b+bCosh[2 (e +fx)] )

Problem 358: Result unnecessarily involves imaginary or complex numbers.

JCosh[eﬂcx]z\/a+bSinh[e+1Cx]2 dx

Optimal (type 4, 223 leaves, 6 steps):
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Cosh[e +fx] Sinh[e + f x] \/aerSinh[eﬂcx]2
3f

b
((a+b) EllipticE [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bsinh[e+fx}2
a

/

+

Sech[e+fx]? (a+bSinh[e+fx]2?)
3bf
a

b
(2 EllipticF |[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+Fx]2
a

/

-F\/Sech[eJr-Fx]z (a+bsinh[e+fx]?) (a+b) \/a+bSinh[e+-Fx]2 Tanh[e + f x]

+

a 3bf

Result (type 4, 168 leaves):

2a-b+bCosh|2 f
Zjﬁa(a+b)\/ ezl FlLiptice[i (e« x), °] +
a a
2a-b+bCosh|2 f
2jﬁa(ab>J Pt L cvipricr exfx], 2]«
a a

b(2a-b+bCosh[2 (e+fx)])Sinh[2 (e+Ffx)] /(be\/4a—2b+2b(ﬁosh[2 (e+fx)] )

Problem 360: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSech[eJr-Fx]z\/aerSinh[e+-Fx]2 dx

Optimal (type 4, 70leaves, 2 steps):

b
[EllipticE[Ar‘cTan[Sinh[e+-Fx]}, 1- —] Sech[e + f x] x/a+bSinh[e+fx]2
a

/

_F\/Sech[eﬂcx]z (a+bsinhfe+fx]2)
a

Result (type 4, 148leaves):
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2a-b+bCosh[2 (e+f
2jaJ a-brbCosh[2 (e £x)] EllipticE[i (e +fx), E],
a a

EllipticF[i (e+fx), —] +

\/2ab+bCosh[2 (e+fx” b
21a
a a

\E(Za—berCosh[z (e+-Fx)])Tanh[e+-Fx] /(Z-F\/Za—berCosh[Z (e+fx>])

Problem 361: Result unnecessarily involves imaginary or complex numbers.

JSech[eﬂ“x]“\/aerSinh[eH‘:x]2 dx

Optimal (type 4, 206 leaves, 5 steps):

b
((Za—b) EllipticE[ArcTan[Sinh[e+fx]], 1- =] Sech[e + f x] \/a+bSinh[e+-Fx]2
a

/

3 (a—b) _F\/Sech[e+-Fx12 (a+bSinh[e+-Fx1z>

a

b
(b EllipticF[Ar‘cTan[Sinh[e+-Fx}], 1- f} Sech[e + f x] \/anbSinh[e+-Fx]2
a

/

+

3 (a—b) _F\/Sech[e+-Fx12 (a+bSinh[e+-Fx12>

a

Sech[e+-Fx}2\/a+bsinh[e+1‘:x}2 Tanh[e + f x]
3f

Result (type 4, 204 leaves):

2a-b+bCosh|2 f
81a(23b>\/ opeomnlz e ElliptiCE[j(eJer):E]*

a a

2a-b+bCosh[2 (e+f
16Jia(a—b)\/ abrblosh[2ferfx)] EllipticF[j(e+fx),9]+
a a

V2 ((8a%-4b?) Cosh|[2 (e+fx” +(2a-b) (8a75b+bCosh[4 (e+fx)]))

Sech[e + fx]2Tanh[e + f x] /(24 (afb)-F\/Za—berCosh[z (e+fx)])



76 | Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb

Problem 368: Result unnecessarily involves imaginary or complex numbers.

JCosh[eJrfx]4 (a+bSinh[e+Fx]2)3/2d1X

Optimal (type 4, 357 leaves, 8 steps):

(a2+9ab-2b?) Cosh[e+fx] Sinh[e +fx] \/a+bSinh[e+1‘:x}2
35bf

+

2 (4a-b) Cosh[e+fx]>Sinh[e+fx] /a+bSinhle+fx]?
35 f

+

b Cosh[e + fx]°>Sinh[e + f x] \/a+bSinh[e+-Fx]2
7f

+

b
(2 (a+b) (a®-6ab+b?) E1lipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e +fx]
a

Ja+bsinh[e«fx]?

a

/ 35b2f\/5ech[e+1‘:x]2(a+bSinh[e+fx}2) )

b
((a2—18ab+b2) EllipticF [ArcTan[Sinh[e+fx]], 1- —| Sech[e + f x] \/a+bSinh[e+1‘:x12
a

/

Sechle+fx]? (a+bSinh[e+fx]?)
35bf
a

2 (a+b) (a®-6ab+b?) \/aerSinh[e+-Fx]2 Tanh[e + f x]
35b%f

Result (type 4, 256 leaves):
1

2240b2f/2a-b+bCosh[2 (e+fx)]

2a-b+bCosh[2 (e+f
a-brblosh[2[exfx)] EllipticE[i(e+-Fx),E]—
a a

1281‘1a(a3—5a2b—5ab2+b3>

2a-b+bCosh|2 (e+-FxH

EllipticF[i (e+fx), 9] +

641a (2a3—11a2b+8ab2+b3)\/
a a

V2 b (32a°+400a%b-212ab?+30b%+b (1442%+192ab - 37b?) Cosh[2 (e+fx) ]| +

2b% (26a+b) Cosh[4 (e+fx) ]| +5b*Cosh[6 (e+Ffx)]|)Sinh[2 (e+fX)]
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Problem 369: Result unnecessarily involves imaginary or complex numbers.
JCOSh[eJr'FX]Z (a+bsinhle+fx]?)*?dx

Optimal (type 4, 299 leaves, 7 steps):

2 (3a-b) Cosh[e+fx]Sinh[e+fXx] \/a+bSinh[e+1‘:x]2
.
15 f

bCosh[e + fx]3Sinh[e+fx] +/a+bSinh[e + fx]2
5f

b
((3 a’+7ab-2b?) EllipticE|[ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx]
a

Sech[e+fx]? (a+bSinh[e+fx]2)

/ 15b f +
a

b
9a-b) EllipticF|ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx a+bSinh[e+fx]?
p [ [ 1] [ ] [ ]

\/aerSinh[emCx]2

/

a

Sech[e+fx]? (a+bSinh[e+fx]?)
15 f +
a

(3a2+7ab-2b?) \/a+bSinh[e+1‘:x}2 Tanh[e + fx]
15b f

Result (type 4, 213 leaves):

2a-b+bCosh|2 f
—161‘1a(3a2+7ab—2b2)\/ 2-b+bCosh[2 e+ fx)] EllipticE[i(e+fx),E}+
a a
2a-b+bCosh|2 f
161’1a(3a2—2ab—b2)\/ a-b+bCosh[2 e+ fx)] EllipticF|i (e+fx),9]+
a a

V2 b (48a%-28ab+5b%+4 (9a-2b) bCosh[2 (e+fx)]+3b2Cosh[4 (e+fx)])

Sinh[2 (e+fX) | /(240bf\/2a—b+bCosh[2(e+fx>])

Problem 371: Result unnecessarily involves imaginary or complex numbers.
jSech[eﬂcx]2 (a+bsSinhle+fx]?)*?dx

Optimal (type 4, 210leaves, 6 steps):
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b
[(a—zb) EllipticE[ArcTan[Sinh[e+fx]], 1- —| Sech[e + f x] \/a+bSinh[e+fx]2
a

/

+

-F\/Sech[eJr-Fx}z (a+bsinhfe+fx]?)

a

b
(b EllipticF[Ar‘cTan[Sinh[e+-Fx]], 1- f} Sech[e + f x] \/a+bSinh[e+-Fx]2
a

/

1‘:\/Sech[eﬂcx}z (a+bsinh[e+fx]?)
a

(a-2b) \/aerSinh[eﬂcx]2 Tanh[e+fx] (a-b) \/a+bSinh[e+1‘:x}2 Tanh[e + fx]
+

f f

Result (type 4, 160 leaves):

2a-b+bCosh[2 (e+f
21‘1a(a—2b>\/ abrblosh[2ferfx)] EllipticE[j(e+fx>,E]+

a a

2a-b+bCosh[2 (e+f
(a-b) ZjaJ a-brbCosh[2 (e £x)] EllipticF|[i (e+Fx),E]+
a a

W(Za—b+bCosh[2 (e+fx)]) Tanh[e+fx] /(Z-F\/Za—b+bCosh[2 (e+fx>])

Problem 372: Result unnecessarily involves imaginary or complex numbers.

JSech[eJr-Fx]4 (a+bSinh[e+Fx]2)3/2dlx

Optimal (type 4, 193 leaves, 5steps):
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b
[2 (a+b) EllipticE[ArcTan[Sinh[e+fx]], 1- —| Sech[e + f x] \/a+bSinh[e+fx]2
a

/

_F\/Sech[e+-Fx]2 (a+bsinh[e+fx]?)

a

b
(b EllipticF[Ar‘cTan[Sinh[e+-Fx] 1,1~ f} Sech[e + f x] \/a+bSinh[e+-Fx]2
a

/

+

1C\/Sech[eﬂ‘:x]z (a+bsinh[e+fx]?)
a

(a-b) Sech[e+-Fx]2\/a+bSinh[e+1‘:x}2 Tanh[e + fx]
3f

Result (type 4, 197 leaves):

2a-b+bCosh|2 (e+f
41‘1a(a+b)\/ a-brbCosh[2 (e £x]] EllipticE|[i (e+fx),9]_

a a

a a ﬁ

(8a>-3ab+b>+ (4a>+6ab-2b?) Cosh|[2 (e+fx>] +b (a+b) Cosh |4 (e+-Fx)])

2a-b+bCosh[2 (e+f
21‘1a(2a+b)\/ 2-brbCosh[2 (e £x)] EllipticF|[i (e+fx),9]+ !

Sech[e + fx]%Tanh[e + f x] /(G-F\/Za—berCosh[Z (e+fx>])

Problem 377: Result unnecessarily involves imaginary or complex numbers.

Cosh[e + fx]*

dx

\/a+bSinh[e+-Fx}2

Optimal (type 4, 241 leaves, 6 steps):
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Cosh[e +fx] Sinh[e + f x] \/aerSinh[eHCx]2
3bf

+

b
(2 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+Fx]2
a

/

Sech[e+fx]%2 (a+bSinh[e+fx]?
3b2fJ [ 12 [ 12)

a

b
((a—Bb) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/aerSinh[eercx}2
a

/

sabf Sech[e+fx]? (a+bSinh[e+fx]2?) 2 (a-2b) \/aerSinh[eJr-Fx]2 Tanh[e + f x]
a
a 3b%f

Result (type 4, 179 leaves):

2a-b+bCosh[2 f
41'1\/?a(a2b>\/ a-b+bCosh[2 fe+fx)] EllipticE[j(eJrfx),E]f
a a
2a-b+bCosh[2 f
2]'1\/7(2a25ab+3b2>\/ a-brbCosh[2 [e+fx)] EllipticF[Jl(e+-Fx>,E]+
a a

b(2a-b+bCosh[2 (e+fx)])Sinh[2 (e+fx)] /(szf\/4a—2b+2bCosh[2 (e+fx)] )

Problem 378: Result unnecessarily involves imaginary or complex numbers.

Cosh[e + fx]?

dx

\/aerSinh[eJr-Fx}2

Optimal (type 4, 177 leaves, 5 steps):

b
_ [EllipticE[Ar‘CTan[Sinh[e+fx]}, 1- 2] sech[e+fx]/a+bSinh[e+fx]2
a

/

TC\/Sech[eﬂ‘x]z (a+bsinh[e+fx]?)

a

b
(EllipticF[Ar‘cTan[Sinh[e+Fx}], 1- *] Sech[e + f x] \/a+bSinh[e+-Fx}2 )/
a

TC\/Sech[eﬂ‘x]z (a+bSinh[e+Fx12) \/a+bsinh[e+fx}2 Tanh[e + f x]
a +
a b f
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Result (type 4, 95leaves):

I\/Zab+bCosh[2 (e+Fx)]

- 1
a

(a EllipticE[i (e+fx), E] + (-a+b) EllipticF[i (e+fX), E]] /
a a

(bf\/237b+bcosh{2 (e+fx)] )

Problem 380: Result unnecessarily involves imaginary or complex numbers.

Sech[e+fx]?

dx

\/a+bSinh[e+1:x}2

Optimal (type 4, 160 leaves, 7 steps):

b
[EllipticE[Ar‘cTan[Sinh[e+-Fx]}, 1- f] Sech[e + f x] x/a+bSinh[e+fx]2
a

/

(a-b) 1‘:\/Sech[e+fx}2 (a+bsinhfe+fx]?)

a

b
(b EllipticF[Ar‘cTan[Sinh[eJr-Fx}], 1- f} Sech[e + f x] \/a+bSinh[e+-Fx]2
a

/

a (a—b) _F\/Sech[6+-FxJ2 (a+bSinh[e+'Fx}2>
a

Result (type 4, 159 leaves):

2a-b+bCosh|2 f
Zja\/ a-brbCosh[2 (e+fx)] EllipticE[j(eJr-Fx),E]—
a a
2a-b+bCosh[2 (e+fx) | b
2i (a-b) EllipticF[i (e+fx), —]+
a a

V2 (2a-b+bCosh[2 (e+fx)]) Tanh[e+fx] /(2 (a-b) f/2a-b+bCosh[2 (e+fx)] )



82 | Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb

Problem 381: Result unnecessarily involves imaginary or complex numbers.

Sech[e+ fx]*
dx

Ja+bsinh[e+fx]?

Optimal (type 4, 219leaves, 5steps):

/

b
1- —] sechfe+fx] \/a+bSinh[e+-Fx}2

[2 (a-2b) EllipticE[ArcTan[Sinh[e+fx]],
a

3 (a_b)zf\/Sech[e+-Fx]2 (a+bSinh[e+fX]2> _
a

/

b
((a—3b) b EllipticF[ArcTan[Sinh[e+fx]], 1- —]| Sech[e + fX] \/a+bSinh[e+-Fx]2
a

3a(ab)Z{\/Sech[ewa]Z<a+bSinh[e+-FX]2) .
a

Sech[e+-Fx}2JaerS:'th[eJr-Fx}2 Tanh[e + f x]
3(a-b)f

Result (type 4, 219leaves):

2a-b+bCosh[2 (e+f
4Jia(a—2b>\/ a-brbCosh|2 e fx)] EllipticE[i (e +fx), E]_
a a

2a-b+bCosh[2 (e+f
a-brblosh[2[exfx)] EllipticF[j<e+fx),E]+ !

21 (2a25ab+3b2>\/
a ﬁ

a

(8a>-15ab+4b”>+ (42’ -6ab-2b?) Cosh|[2 (e+fx” +(a-2b) b Cosh[4 (e+fx)])

Sechle + fx]%2Tanh[e + f x] /(6 (a—b)zf\/Za—berCosh[Z(e+-Fx>])

Problem 386: Result unnecessarily involves imaginary or complex numbers.

Cosh[e +fx]®
J( dx

a+bSinhle+fx]2)%?

Optimal (type 4, 325leaves, 7 steps):
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(a-b) Cosh[e+fx]>Sinh[e+fx] (4a-3b) Coshle+fx]Sinh[e+fx] \/a+bSinh[e+1‘:xJ2

- + +

2
abf-fa+bsinhle+fx]? 3ab%f

b
((8 a’-13ab+3b?) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f ]
a

Sech[e+fx]? (a+bSinh[e+fx]?)
Ja+bsinh[e+ fx]? / 3abdf -

a

b
(2 (2a-3b) EllipticF[ArcTan[Sinh[e+fx]], 1- —| Sech[e + f x] \/aerSinh[e+-Fx]2
a

/

3ab2f\/5ech[e+fx}2 (a+bsinhle+fx]2)

a

(8a%?-13ab+3b?) x/a+bSinh[e+-Fx]2 Tanh[e + fx]
3ab3f

Result (type 4, 196 leaves):

2a-b+bCosh|2 f
4ja<8az_13ab+3b2>J rooocem2 (e L eniprice s (o £x), 2]
a a
2a-b+bCosh|2 f
4ia(8a2—17ab+9b2)\/ a-b+bCosh[2 e+ fx]] EllipticF|i (e+fx),2]+
a a

V2 b (8a2—13ab+6b2+abCosh[2 (e+-FxH) Sinh|2 (e+fx)] /

(12ab3f\/2afb+bCosh[2 (e +Fx)] )

Problem 387: Result unnecessarily involves imaginary or complex numbers.

Coshle+fx]*
J dx
(

a+bSinh[e+1‘x]2)3/2

Optimal (type 4, 244 leaves, 6 steps):
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(a-b) Cosh[e+fx] Sinh[e+fx]

abf-fa+bsinh[e+fx]?

b
((2a—b) EllipticE[ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1:x12 )/
a

+

ab21c\/Sech[e+1‘x]2 (a+bsinh[e+fx]?)

a

b
(EllipticF[Ar‘cTan[Sinh[e+1°x1], 1- —] Sech[e+fx] \/a+bSinh[e+1‘:x12 )/
a

+

- Sech[e+fx]? (a+bSinh[e+fx]?) (2a-b) \/a+bSinh[e+1cx]2 Tanh[e + f x]
a
a ab?f

Result (type 4, 155leaves):

2a-b+bCosh|2 f
—Zja(Za—b)\/ 2-brbCosh[2 e+ fx)] EllipticE[i(e+Fx),E}+(a—b)

a a

2a-b+bCosh[2 (e+f
4jaJ 2-bbCosh[2 (e £x)) EllipticF|i (e+fx),E]-\/?bSinh[z(e+fx)] /
a a

(Zabzf\/Za—b+bCosh[2 (e+fx)] )

Problem 388: Result unnecessarily involves imaginary or complex numbers.

dx

J Cosh[e +fx]?
(

a+bSinhle+fx]2)%?

Optimal (type 4, 91 leaves, 2 steps):

Cosh[e +fx] EllipticE [ArcTan| Mm}m} ,1- i}
a

Va b f_| aceshietx® o pinhie s fx)?

a+b Sinh[e+f x]?

Result (type 4, 143 leaves):
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2a-b+bCosh|2 f
jﬁa\/ a-0rbros [ (e+ XH EllipticE[Ji (e+Fx), E] -
a a

2a-b+bCosh|2 f
Jl\/?f:\\/ a-brbCosh[2(e+fx)] EllipticF[i (e+fx),9]+bsinh[2 (e+fx)] /
a a

(abf\/4a—2b+2bCosh[2 (e+fx)] )

Problem 390: Result unnecessarily involves imaginary or complex numbers.

Sech[e+fx]?
J dx
(

a+bSinh[e+-Fx]2)3/2

Optimal (type 4, 217 leaves, 5steps):

b (a+b) Coshle+fx] EllipticE[Ar‘cTan[l%h?M], 1- %]

_ 2 aCoshle+fx]2 : 2
Va (a-b)*f websinblesfol? \/a+b51nh[e+1‘=x]

b
(2bEllipticF[Ar‘cTan[Sinh[e+-Fx]}, 1- f} Sech[e + f x] \/aerS.inh[e+-Fx]2
a

/

+

. (ab)zf\/Sech[ewa]z (a+bsinh[e+fx]?) Tanh[e + fx]
a (a-b) f/a+bsinhle+fx]?2

Result (type 4, 178 leaves):

2a-b+bCosh|2 f
Ji\/?a(a+b)\/ 2 . OS[ (e+ X” EllipticE[Ji (e+-Fx),E]—
a a
2a-b+bCosh|2 f
fm/?a(a-b)\/ a-brbCosh[2 (e £x] EllipticF[j(e+fx),9}+
a a

(2a>-ab+b*+b (a+b) Cosh[2 (e+fx)]) Tanh[e+fx] /

(a <a—b)2-FJ4a—2b+2bCosh[2 (e+Fx)] )

Problem 395: Result unnecessarily involves imaginary or complex numbers.

dx

J Cosh[e + fx]°®
(

a+bSinhle+fx]2)*?
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Optimal (type 4, 330 leaves, 7 steps):
(a-b) Cosh[e+fx]®Sinh[e+fx] 2(a-b) (2a+b)Cosh[e+fx]Sinh[e+fx]

3abf (a+bSinh[e+1‘:x12)3/2 3a2b2f\/a+bsinh[e+fx}2

b
((8 a’-3ab-2b?) EllipticE[ArcTan[Sinh[e+fx]], 1- —]| Sech[e + fx]
a

\/a+bSinh[e+-Fx]2

Sech[e+fx]? (a+bSinh[e+fx]?
/3a2b3f\/ [ 2 [ ),
a

b
((4a—b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+-Fx]2 )/
a

+

Sech[e+fx]? (a+bSinh[e+fx]?
3a2b2f\/ [ 1% [ 1%)

a

(8a?-3ab-2b?) \/a+bSinh[e+1=x}2 Tanh[e + fx]
3a2b3f

Result (type 4, 206 leaves):

2a-b+bCosh|2 (e+fx)} 3/2

EllipticE[i (e +fx), E] -

a

[Zjaz (8a2—3ab—2b2>
a

2a-b+bCosh|2 (e+fx)]

N |

(a-b)

3/2
b
J EllipticF[i (e+fx), —] -
a

/

4ia’(8a+b) [

2+/2 b (8a2+ab—2b2+b <5a+2b) Cosh{z (e+-FxH) Sinh[z (e+-Fx)]

(6a2b3f (2a-b+bCosh[2 <e+fx)])3/2)

Problem 396: Result unnecessarily involves imaginary or complex numbers.

Cosh[e + fx]*
J dx
(

a+bSinhle+fx]2)%?

Optimal (type 4, 223 leaves, 5 steps):



Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb | 87

(a-b) Cosh[e+fx] Sinh[e+fx]

3abf (a+bSinhle+fx]2)>?

2 (a+b) Coshle+fx] EllipticE[Ar‘cTan[Mi?[e*—“L], 1- i]
a

333/2p3/2f L"Shmz—\/a+bsinh[e+fx]2

a+b Sinh[e+f x]?

b
(EllipticF[Ar‘cTan[Sinh[e+-Fx}], 1- —] Sech[e+fx] \/a+bSinh[e+1:x}2 )/
a

3azbf\/Sech[eﬂ‘:x}2 (a+bsinh[e+fx]?)

a

Result (type 4, 178 leaves):

2a-b+bCosh[2 (e+f 32
2ia’(a+b) a-b+bCosh|2 e+ fx]] EllipticE[i (e+fx), E]—
a a
2a-b+bCosh[2 (e+f 32
ia®(2a+b) a-b+bCosh| (e + XH) EllipticF|i (e+fx), E]Jr
a a

V2 b (a>+2ab-b*>+b (a+b) Cosh|[2 (e+-Fx)]) Sinh|[2 (e+fx>]

/

(332b2f (2a-b+bCosh[2 <e+fx)])3/2)

Problem 397: Result unnecessarily involves imaginary or complex numbers.

Cosh[e + fx]?
J dx
(

a+bsSinhfe+fx]2)*?

Optimal (type 4, 228 leaves, 5 steps):

. . i + a
(a-2b) Cosh[e+fx] Elllp‘tlcE{Ar'cTan[L[—Lb 513"‘?9 ], 1 Z]

+ +

3232 (a-b) /b f_| 2eeshletx® [0 pinnie s £x)?

a+bSinh[e+fx]?

Cosh[e + fx] Sinh[e + f X]

3af (a+bSinh[e+-Fx]2)3/2

b
EllipticF[ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1‘:x12 )/
a

3 32 <a7b> 1c\/Sech[eJr'Fx]z (a+bSinh[e+-FX]z)

a

Result (type 4, 193 leaves):



88 | Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb

3/2
b
EllipticE[i (e+fx), —] -
a

2a-b+bCosh[2 (e+fx) |

a

2ia*(a-2b) (

2ia’(a-b) EllipticF[i (e+fx), E] -

/

a

2a-b+bCosh[2 (e+fx” ]3/2

V2 b (-4a*>+7ab-2b>- (a-2b) b Cosh|[2 (e+-Fx)]) Sinh|[2 (e+fx)}

(Ga2 (a-b)bf (2a-b+bCosh[2 (e+fx)])3/2)

Problem 399: Result unnecessarily involves imaginary or complex numbers.
J Sech[e+fx]?
(

a+bSinh[e+-Fx]2)5/2

dx

Optimal (type 4, 292 leaves, 6 steps):
b (3a+b) Cosh[e+fx]Sinh[e+fXx]

+

3a(a-b)*f (a+bSinh[e+fx]2)>?

b Sinh[e+f
(\/F (3a2+7ab-2b%) Coshle+fx] EllipticE[ArcTan[\/— inh[e + f x]
Va b

aCoshle+fx]?
3332 (a—b>3f [e+7x] \/a+bSinh[e+1‘:x]2
a+bSinh[e+fx]?

b
((9a—b) b EllipticF[ArcTan([Sinh[e+fx]], 1- —] Sech[e + fX] \/a+bSinh[e+~Fx]2
a

/

Sech[e+fx]%2 (a+bSinh[e+fx]? Tanh[e + fx
3a2(a—b)3f\/ [ | : ) + [e+TX]
a

(a-b) f (a+bSinh[e+fx]2)??

Result (type 4, 468 leaves):
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I S
3a? (a—b)3f

2 2a-b+bCosh|2 f
ol i(lsa _93b+\/7b2]\/ a-b+bCosh[2 (e+fx)] EllipticF[i (e+fx), E} /
vz T ; )

(\E\/2a7b+bCosh[2 (e+Fx” ) S

2b

ZVTa\/“'b”’C“'y2 B0l EllipticE[d (e+ fx), 2]
—\/7b2] -
V2 J2a-b+bCosh[2 (e+fx)]

3a2 7ab
+

i

5

a

V2 (2a-b) J“b*bc““f“‘**“” EllipticF[i (e+fx), f]

\/Za—b+bCosh[2 (e+fx)]

2 /[2a-bbcos e+ fx V2 b?sinh[2 (e« fx]] +
Nz b+bCosh|[2 (e+fx)] [3a<ab)2(2ab+bCOSh[2(e+‘cx)]>2

72 ab2sinh[2 (e+fx)] -2+/2 b>Sinh[2 (e+fx)] Tanh[e+fx]
6a’ (a-b)> (2a-b+bCosh[2 (e+fx)]) V2 (a-b)?

Problem 400: Unable to integrate problem.

J(dCosh[eJrfx])’" (a+bsinhle+fx]?)Pdx

Optimal (type 6, 117 leaves, 3 steps):

-m 3 bSinh[e+fx]?
, -p, —, -Sinh[e+fx]?, 7#] (dCoshfe+fx]) "

2 2 a

1-m
2

1 1 1
~d AppellFi[ —,
f 2

bSinh[e+fx]%)P

(Cosh[e+fx]?)z Sinh[e+fx] (a+bSinh[e+fx]*)" |1+

a

Result (type 8, 27 leaves):

J(dCosh[eﬂcx])m (a+bsinh[e+fx]*)Pdx
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Problem 401: Unable to integrate problem.

JCosh[eJrfx]5 (a+bsinhfe+fx]?)Pdx

Optimal (type 5, 214 leaves, 5 steps):
(3a-b(7+2p))Sinh[e+fx] (a+bSinhle+fx]2)*P

- +

b2f (3+2p) (5+2p)

Cosh[e +fx]2Sinh[e+fx] (a+bSinh[e+fx]2)*?P
bf (5+2p>

+

; 2
((3 a’-2ab (5+2p) +b> (15+16p+4p?)) Hyper‘geometr‘icZFl[E, -p, i, —M]
2 2 a

. . 2\ p bSinh[e + f x]
Sinh[e+fx] (a+bSinh[e+fx]?)P |1+ —————

,,]/ (b2 (3+2p) (5+2p))

a

Result (type 8, 25leaves):

JCosh[e+fx]5 (a+bsinh[e+fx]?)Pdx

Problem 402: Unable to integrate problem.

JCosh[e+fx]3 (a+bsinh[e+fx]%)Pdx

Optimal (type 5, 125leaves, 4 steps):

Sinhfe + fx] (a+bSinh[e+fx}2)1*P 1
bf (3+2p) bf (3+2p)
. 1 3 bSinh[e+ fx]?
(a-b (3+2p)) Hypergeometric2F1[ =, -p, —, - ———— |

2 2 a

. . " bSinh[e+fx]2)P
Sinh[e+fx] (a+bSinh[e+fx]?)? |1+ ——
a

Result (type 8, 25leaves):

JCosh[eH‘:x]3 (a+bsinhfe+fx]?)”dx

Problem 404: Unable to integrate problem.

JSech[eJrfx] (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 78leaves, 3 steps):
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1 1 3 . , bSinhfe+fx]?
prpellFl[f, 1, -p, —, -Sinh[e+fx]%, ——]
f 2 2 a

bSinh[e+fx]2)P

a

Sinh[e+fx] (a+bSinh[e+fx]?)P |1+

Result (type 8, 23 leaves):

JSech[eﬂcx] (a+bsinh[e+fx]%)Pdx

Problem 405: Unable to integrate problem.

jSech[eﬂcx]3 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 78leaves, 3 steps):
bSinh[e +fx]?2

]

1 1 3 , X
prpellFl[f, 2, -p, —, -Sinh[e+fx]*%, -
f 2 2 a

. . 2\ p bSinh[e+fx]2)P
Sinh[e+fx] (a+bSinh[e+fx]?)P |1+ ————
a

Result (type 8, 25leaves):

JSech[eﬂcx]3 (a+bsinh[e+fx]%)Pdx

Problem 406: Unable to integrate problem.

JCosh[eH‘:x]4 (a+bsinhfe+fx]?)”dx

Optimal (type 6, 92 leaves, 3 steps):

1 1 3 3 . , bsSinhfe+fx]?
*AppellFl[f, -—, -p, —, -Sinh[e+fx]°, ——}
f 2 2 2 a
2 . 21p bSinh[e+fx]2)P
Cosh[e+fx]? (a+bsSinh[e+fx]?)? |1+ ————————| Tanh[e+fx]

a

Result (type 8, 25leaves):

JCosh[eH:x]4 (a+bsinh[e+fx]?)Pdx

Problem 407: Unable to integrate problem.

JCosh[eﬂ‘:x]2 (a+bsinh[e+fx]?)?dx

Optimal (type 6, 92 leaves, 3 steps):
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1 1 1 3 . , bsSinhfe+fx]?
prpellFl[f, -—, -p, —, -Sinh[e+fx]°, ——}
f 2 2 2 a

5 . 2\ p bSinh[e+fx]2)P
Cosh[e+fx]? (a+bSinh[e+fx]?)? |1+ ————————| Tanh[e+fx]
a

Result (type 8, 25leaves):

JCosh[eﬂ‘:x]2 (a+bsinh[e+fx]?)?dx

Problem 408: Unable to integrate problem.

j(a+bsinh[e+fx]2)pd1x

Optimal (type 6, 92 leaves, 3 steps):

1 1 1 3 . , bSinhfe+fx]?
~AppellFl|[ =, =, -p, =, -Sinh[e+fx]?, - —— |
f 272 2 a

5 . 2\ p bSinh[e+fx]2)P
Cosh[e+fx]? (a+bsSinh[e+fx]?)? |1+ ————————| Tanh[e+fx]
a

Result (type 8, 16 leaves):

J(a+bSinh[e+-Fx]2)pdlx

Problem 409: Unable to integrate problem.

JSech[eH‘:x]2 (a+bsinhfe+fx]?)”dx

Optimal (type 6, 92 leaves, 3 steps):

1 1 3 3 . , bsSinhfe+fx]?
*AppellFl[f, -, -p, —, -Sinh[e+fx]*°, ——]
f 272 2 a

2 . 21p bSinh[e+fx]2)P
Cosh[e+fx]? (a+bsSinh[e+fx]?)? |1+ ————————| Tanh[e+fx]
a

Result (type 8, 25leaves):

JSech[eH:x]2 (a+bsinh[e+fx]?)Pdx

Problem 410: Unable to integrate problem.

JSech[e+fx]4 (a+bsinh[e+fx]?)?dx

Optimal (type 6, 92 leaves, 3 steps):
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1 1 5 3 . , bSinhfe+fx]?
prpellFl[f, —, -p, —, -Sinhj[e+fx]*°, ——]
f 2 2 2 a

5 . 2\ p bSinh[e+fx]2)P
Cosh[e+fx]? (a+bSinh[e+fx]?)? |1+ ————————| Tanh[e+fx]
a

Result (type 8, 25leaves):

JSech[eﬂ‘:x]4 (a+bsinh[e+fx]?)?dx

Problem 412: Result more than twice size of optimal antiderivative.

Cosh[c+dx]3
j dx

a+b+/Sinh[c +dx]
Optimal (type 3, 136 leaves, 4 steps):

2a (a*+b*) Logla+b+/Sinh[c+dx] | 2 (a*+b*) v/Sinh[c+dx]
- +

bé d b> d
a?Sinh[c+dx] 2a?Sinh[c+dx]3? aSinh[c+dx]? 2Sinh[c+dx]>/?
+ +

b* d 3b3%d 2b%d 5bd

Result (type 3, 311 leaves):
aCosh[2 (c+dx)]| (-a°-ab*) Log[a?-b?Sinh[c+dx] |
- +

4b2d b® d
: Cosh[2 (c+dx)] 2a%Sinh[c+d x]
a3sinh[c+dx] +‘\/Slnh[c+dx] ( 0s 5; x)1 , 2a 12b3c X ) ) 1
b*d d 20b3d

b+/Sinh[c +dX]

a

4abArcTanh| }Cosh[c+dx]2(—a2+b2$inh[c+dx])

/

((a*-b*sinh[c+dx]) <1+Sinh[c+dx]2>)] -

b/ Sinh[c+d x]
. . aAr‘cTanh[ N ] Sinh[c +dx]
2 (10a* +9b*) Coth[c +dx] -
b3 b2

(-a?+b*sinh[c+dx]) Sinh[2 (c+dx) | /((az—bzsinh[c+dx]) (1+Sinh[c+dx]?))

Problem 418: Result unnecessarily involves imaginary or complex numbers.

J Sech[c +dx] q
5 X
(a+b\/Sinh[c+dx] )
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Optimal (type 3, 384 leaves, 19 steps):
2 ab (a4—2a2b2—b4) Ar‘cTan[l—\/?x/Sinh[c+dx] }

(a*+b%)%d
V2 ab (a*-2a%b? - b*) ArcTan[1++/2 V/Sinh[c+dx] | +a2 (a* - 3b*) ArcTan[Sinh[c +dx]] .
(a*+b%)%d (a*+b%)%d
b? (3a*-b*) Log[Cosh[c+dx]] 2b? (3a*-b*) Log[a+b~/Sinh[c+dx] |
(a*+b%)%d (a*+b%)%d

ab (a*+2a%b?-b*) Log[1-+/2 +/Sinh[c+dx] +Sinh[c+dx]]
V2 (a*+b*)?d

ab (a*+2a%b?-b*) Log[1++/2 /Sinh[c+dx] +Sinh[c+dx]]
V2 (a*+b*)?d

+

+

2 ab?

(a*+b*) d (a+b\/Sinh[c+dx] )

Result (type 3, 708 leaves):
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1 |22 a®b (a% - b?) ArcTan[1-+/2 /Sinh[c+dx] |

2d (a4+b4>2

2+/2 ab3 (a2+b2> Ar‘cTan[l—\E\/Sinh[Cerx] ]

(a*+b%)?

2+/2 a*b (a2 - b?) ArcTan[1++/2 V/Sinh[c+dx] | .
(a* + b%)?

2+/2 ab?® (a?+b?) ArcTan[1++/2 V/Sinh[c+dx] | +2 (a®-ib?) ArcTan[Tanh[ 2 (c+dx)]] )
(a* + b%)? (a?+1ib?)?

2 (a2+j1b2) Ar‘cTan[Tanh[% (c+dx)H 10 a* bZAr‘cTanh[@]

a
- +

(azflllb2>2 (a4+b4)2

6 b® ArcTanh | b/ sinhlc-dx] ] 2b%ArcTanh| @]

a a
- + +

(a“+b4)2 a* + b* (az—ibz)z

(-1a?+b?) Log[Cosh[c+dx]]

(jla2+b2) Log[Cosh[c+dx]] B 1 J2 ab? <a27b2)
(o 1 1 67)7 (a0t 2

(Log[l—ﬁ\/sinh[c+dx} +Sinh[c+dx]] —Log[1+\5\/sinh[c+dx] +Sinh[c+dx}]) -
#\Ea3b (a%+b?) (Log[l—\/?\/sinh[c+dx] +Sinh[c+dx]]| -

(a4+b4)2
2 (-3a*b%2+Db8) L 2 _p?Sinh d
Log[1+\/?\/sinh[c+dx] +Sinh[c+dx}])+ < 2 ’ ) og[a inhlcs X” +
(a4+b4>2
4 a2 b? 4ab3+/Sinh[c +dx]
(a*+b*) (a?-b?Sinh[c+dx]) (a*+b*) (a®-b?Sinh[c+dx])

Problem 419: Unable to integrate problem.

Cosh[c+dx]>
J dx

a+bSinh[c+dx]"

Optimal (type 5, 130leaves, 6 steps):

Hypergeometric2F1 [1, i, 1+1, - M;*ﬂl] Sinh[c+dx]

L +
ad
2Hyper‘geometr‘ic2F1[1J 3, 30, —M} Sinh[c+dx]3
n n a
.

3ad

Hyper‘geometr‘icZFl[l, 2, 20, —M} Sinh[c+dx]®
n n a
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Result (type 8, 25leaves):

J Cosh[c+dx]>
a+bSinh[c+dx]"

dx

Problem 420: Unable to integrate problem.

Cosh[c+dx]3
J dx

a+bSinh[c+dx]"
Optimal (type 5, 84 leaves, 5 steps):

Hypergeometric2fF1[1, , 1+ %, - 2SI0hlcdxI®] sinh(c 4 d x]
n a

+

Hypergeometric2Fi[1, %, 30 M‘;&u] Sinh[c +dx]3

3ad

Result (type 8, 25leaves):

J Cosh[c+dx]3
a+bSinh[c+dx]"

dx

Problem 422: Attempted integration timed out after 120 seconds.

dx
2

J Cosh[c+dx]°
(a+bSinh[c+dx]")

Optimal (type 5, 130leaves, 6 steps):

Hypergeometric2Fi|2, i, 1+ i, - M‘;*ﬂu] Sinh[c +dx]

+

a’d
2 Hypergeometric2Fi |2, %, 3;”, —M:ﬂu} Sinh[c +dx]3
N
3a%d

Hypergeometric2F1|2, f, 5;” , - M‘:*ﬂu] Sinh[c+dx]®

5a%d

Result (type 1, 1leaves):

???

Problem 423: Attempted integration timed out after 120 seconds.

dx
2

J Cosh[c+dx]3
(a+bsinh[c+dx]")

Optimal (type 5, 84 leaves, 5 steps):
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Hypergeometric2F1 [2, 11,1 _bsinhfcrdx]? ] Sinh[c+dx]
n n a
+

Hypergeometric2F1|2, %, | bsAmledXIP] sinh(c + d x]3

n a

3a%d

Result (type 1, 1leaves):

2?7

Problem 457: Result more than twice size of optimal antiderivative.

J\/a+bsinh[e+1°x]2 Tanh[e + fx]° dx

Optimal (type 3, 187 leaves, 6 steps):

a+bSinh[e+fx]? ]
Jab +(8a2—24ab+15b2) \/a+bSinh[e+fx}2

8 (a-b)¥?f 8 (a-b)*f
(8a-7b) Sechfe+fx]2 (a+bSinh[e+fx]2)*? Sech[e+fx]* (a+bSinhle+fx]2)>?
8 (a-b)*f 4(a-b)f

(8a%?-24ab+15b?) Ar‘cTanh[
N

Result (type 3, 631 leaves):
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\/Za—b+bCosh[2 (e+-Fx>] ( (8a-9b) Sech[e+fx]2 Sech[en:x]“)

82 (a-b) 42 . 1
f 4(a—b>f
2a-b+bCosh|[2 f
—_— 4ﬁa2—£—11ﬁab+7\/7b2 Ar‘cTanh[\/ 2-brbCosh[2 e+ fx)] |+
2a-2b N2 \2a-2b
2 2a-b+bCosh[2 f
4x/7(Bab3b (1+Coshe+fx]) a-brbCosh[2fe-fx)|
N2 A2 (1+Coshle+fx])?

\/(a—ZaTanh[l (e+1cx)]2+4bTanh[l (¢e+1cx”2+aTanh[1 <e+fx)]4J /

2 2 2

(\/Za—b+bCosh[2 (e+Fx)] 4b74bTanh[§ (e+-Fx)]2J] +

(1/ [ﬁmb\/Za—waosh[z (e+fx)] [—1+Tanh{%(e+¥x)]2)]) 3_—5—%
2a-b+bCosh[2 (e+fx) | 1 PIRSLE
(1+Cosh[e+fx})\l (1+C05h[e+fx]>2 bLog[a—b—aTanh[z( fx) |
bTanh[i(e+fx)]2+mJ4bTanh[i(e+fx)]2+a(1+Tanh[i(e+fx)]2)2]
(—1+Tanh[§ (e+fx”2] +Log[1+Tanh[§ (e+fx)]2] [b—bTanh[% (e+fx)]2) -
2\/ﬁ\/4bTanh[i(e+fo2+a[1+Tanh[i(e+1‘x”22]

Problem 458: Result more than twice size of optimal antiderivative.

J\/aerSinh[eJrFx]2 Tanh[e + fx]3dx

Optimal (type 3, 126 leaves, 5 steps):
(2 a-3 b) ArcTanh [ M}

— Vab +
2+a-b f
(2a-3b) \/a+bSinh[e+1“x]2 Sech[e + fx]?2 (a+bSinh[e+1cx]2)3/2
+
2 (a-b)f 2 (a-b)f

Result (type 3, 523 leaves):
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\/Za—b+bCosh[2 (e+fx>] Sech[e + f x]2

+

22 f

11b \J2a-bibCosh[2 (esfx)]
1 (Z\Ea— zﬁ) ArcTanh | — ] )
2f V2a-2b

2a-b+bCosh[2 (e+Fx”

6b (1+Cosh[e+fx})\l

\/(aZaTanh[

(\/Za—b+bCosh[2 (e+fx)] (4b—4bTanh[§ <e+fx)]2)] +

(1+Coshle+fx])?

(e+-Fx)]2+4bTanh[ (e+Fx”2+aTanh[

N |
N |

<e+-Fx)]4J /

N |

1

4\/ﬁ\/2afb+bCosh[2 (e+Fx)] (71+Tanh[i (e+fx)]2)

2a-b+bCosh|2 (e+fx)]

bLog[a—b—aTanh[l (e+fx)]2+

2 2

(1+Cosh[e+fx])J

(1+Cosh[e+fx])

bTanh[% (e+fX)]2+m\/4bTanh[§ (e+-Fx)]2+a [—1+Tanh[§ (e+1cx)]2)2]

(—1+Tanh[ (e+fx)}2] +Log[1+Tanh|

N |

(e+'Fx)]2] [b—bTanh[i <e+fx)]2J _

N |

2 2

2\/H\/4bTanh[l (e+'FxH2+a [_1+Tanh{l (e”:xﬂz)z]

Problem 463: Result unnecessarily involves imaginary or complex numbers.

J\/aerSinh[eJrfx]2 Tanh[e + fx]* dx

Optimal (type 4, 292 leaves, 7 steps):
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b
- [(7a—8b) EllipticE[ArcTan[Sinh[e+fx]], 1- =] Sech[e + fx] \/a+bSinh[e+-Fx}2
a

/

3 (a—b) f\/sech[6+fx}2 (a+bSinh[e+-Fx}z>

a

b
((3a—4b) EllipticF [ArcTan([Sinh[e+fx]], 1- —| Sech[e + fx] \/a+bSinh[e+1°x]2
a

/

+

3 (afb) 1C\/Sech[eﬂcx}z (a+bSinh[e+fx}z>

a

(7a-8b) \/a+bSinh[e+1‘:x]2 Tanh[e+fx] (3a-4b) \/aerSinh[eM‘:x]2 Tanh[e + f x]

3(a-b)f 3(a-b)f
\/a+bSinh[e+-Fx]2 Tanh[e + fx]3
3f

Result (type 4, 214 leaves):

2a-b+bCosh[2 (e+f
21‘1a(7a8b)\/ a-brbCosh[2 [exfx)] EllipticE|[i (e+fx),9}+
a a

2a-b+bCosh[2 (e+f
Sja(ab)\/ a-brbCosh[2 (e £x)] EllipticF|i (eﬂcx),g] :

a a 2ﬁ

(8a>-12ab+b’+4 (43’ -6ab+b?) Cosh|[2 (e+fx)] +(4a-5b) b Cosh|[4 <e+-Fx)])

Sech[e + fx]%2Tanh[e + f x] /(6 (a—b)f\/Za—berCosh[Z (e+fx)})

Problem 464: Result unnecessarily involves imaginary or complex numbers.

j\/aerSinh[eJr-Fx]2 Tanh[e + fx]2dx

Optimal (type 4, 168 leaves, 6 steps):
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b
- [2 EllipticE[Ar‘cTan[Sinh[e+-Fx]], 1- f] Sech[e + f x] \/a+bSinh[e+-Fx}2
a

/

1‘:\/Sech[eﬂ‘:x}z (a+bsinh[e+fx]?)

a

b
(EllipticF[Ar‘cTan[Sinh[e+Fx1], 1- —] Sech[e+fx] \/a+bSinh[e+1:x12 )/
a

f\/Sech[e+Fx}2 (a+bsinh[e+fx]?) \/a+bSinh[e+-Fx]2 Tanh[e + f x]
+
a f

Result (type 4, 150 leaves):

2a-b+bCosh[2 (e+f
_zjﬁa\/ 2-brbCosh[2 e+ fx)] EllipticE[i e+ £x), 2]+

a a

2a-b+bCosh[2 (e+f
i2 aJ a-b+bCosh[2 [e+fx)] EllipticF[i (e+FX):E]+
a a

(-2a+b-bCosh[2 (e+fx)]) Tanh[e + fx] /(F\/4a—2b+2bCosh{2 (e+-FxH)

Problem 466: Result unnecessarily involves imaginary or complex numbers.

JCoth[eﬂ‘:x]z\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 202 leaves, 6 steps):

Coth[e + f x] \/aerSinh[e+-Fx]2
.F

b
(2 EllipticE[Ar‘cTan[Sinh[ewa}], 1- f} Sech[e + f x] \/anbSinh[e+-Fx]2
a

/

+

1‘:\/Sech[eﬂ‘:x}z (a+bsinh[e+fx]?)
a

b
((a+b) EllipticF [ArcTan[Sinh[e+fx]], 1- —| Sech[e + f x] \/a+bSinh[e+1‘:x12
a

/

TC\/Sech[e+-Fx]2 (a+bsinh[e+fx]?) 2\/a+bsinh[e+fx}2 Tanh[e + f x]
a +
a f
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Result (type 4, 154 leaves):

(-2a+b-bCosh[2 (e+fx)]) Cothle+fx] -

2a-b+bCosh[2 (e+f
Zj\/?a\/ a-brbCosh[2 (e £x)] EllipticE[i (e+fx),9]+
a a

2a-b+bCosh|2 f
2-brbCosh[2 e+ fx)] EllipticF[i (e+fx), E} /
a a

i\/?(a—b)\/

(f\/4a—2b+2bCosh[2 (e+fx) ] )

Problem 467: Result unnecessarily involves imaginary or complex numbers.

jCo‘ch[e+1‘x]4\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 270 leaves, 7 steps):

(3a+b) Coth[e +fx] \/a+bSinh[e+fx]2 Coth[e+fx]3\/a+bSinh[e+-Fx}2
3af 3f

b
((7a+b) EllipticE [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+1Cx}2 )/
a

+

Sech[e+fx]? (a+bSinh[e+fx]2)
3af
a

b
((3a+5b) EllipticF |[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+1°x]2
a

/

+

5 -F\/Sech[eJrFx]z (a+bsinh[e+fx]?) (7a+b) \/a+bSinh[e+-Fx}2 Tanh[e + f x]
a
a 3af

Result (type 4, 376 leaves):
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%\/Za—berCosh[z <e+-Fx)]

(—4\EaCosh[e+Fx] —\/Tb(:osh[ewa}) Cschle + fx] Coth[e + fx] Cschle + fx]2

+

6a 3\/7
2 2a-b+bCosh|2 f
1| j[3ﬁa2+3ab b a-b+bCosh[2 (e+fx]] EllipticF[i (e+fx);9]/
3af V2o N2 a @
(\/7\/2a—b+bCosh[2 (e+fx”) _ib
2

2\/?a\/2""b*bcos‘hn(e+1CXH EllipticE[i (e+fx), 2]
a a

7ab  b?
+

V2o o2

1

\/Za—b+bCosh[2 (e+fx) |

a

V2 (2a-b) J“b*bc“’”z 0L EllipticF[i (e« fx), ?]

\/2a7b+bCosh[2 (e+fx)]

Problem 468: Result more than twice size of optimal antiderivative.

J(a+bSinh[e+-Fx}2)3/2Tanh[e+-Fx]5dlx

Optimal (type 3, 232 leaves, 7 steps):
(8a%-4@ab+35b2) ArcTanh [m]

_ Vab +
8vVa-b f
(8a2-40ab +35b?) \/a+bSinh[e+-FxJ2 (8a2-40ab+35b%) (a+bSinhfe+fx]2)>?
8(a-b)f ) 24 (a-b)%f )
(8a-9b) Sech[e+fx]2 (a+bSinh[e+fx]2)*>? Sechle+fx]* (a+bSinh[e+fx]2)%?
8 (a-b)%f _ 4(a-b)f

Result (type 3, 648 leaves):
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%\/Za—berCosh[z (e+-Fx)]

bCosh[2 (e+fx)] (8a-13b)Sech[e+fx]2 (a-b)Sechle+fx]* 1 1
N _

N
62 82 4-/2 12Ff | /2a-2b

ArcTanh

{\/Za—berCosh[Z (e+-Fx)]
V2a-2b

2 2a-b+bCosh[2 f
62 ab- °7b ] (1+Coshle+fx]) a-b+bCosh[2 (e+fx)]
2v2 (1+Cosh[e+fx])?
\/(aZaTanh[

(\/Za—b+bCosh[2 (e+fx)]

19 b2
(12\/7a2—58\/7ab+ + 437 b
22

|+

4~/2

(e+-Fx)]2+4bTanh[ (e+Fx”2+aTanh[

N |
N |

<e+fx)]4J /

N |

4b—4bTanh[% <e+fx)]2)] +
1

(1/ [ﬁmb\/Za—waosh[z (e+fx)] (—1+Tanh[ (e+fx)]2)))

2 2a-b+bCosh[2 f
(Zﬁab—lgb ](1+Cosh[e+fx]) a-b>+btos [ (e+ X)]
22 (1+Cosh[e+fx])?

N

blog[a-b-aTanh|

N |

(e+fx>]2+bTanh{

N |

(e+'FX)]2+

\/m\/4bTanh[l (e+fx)}2+a (_1+Tanh[l (e“cXHz]z]

2 2
(—1+Tanh[§ (e+Fx”2] +Log[1+Tanh[% (e+fx)]2] [b—bTanh[% <e+fx)]2
2\“\/4bTanh{i (e+fx”2+a [—1+Tanh[§ (e+fx”2)2

Problem 469: Result more than twice size of optimal antiderivative.

j(a+bSinh[e+fx}2)3/2Tanh[e+Fx]3dlx

Optimal (type 3, 156 leaves, 6 steps):
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(2a-5b) vVa-b ArcTanh| a+bSinh[e+f x]?

a5 | (2a-5b)/asbsinnie:fx)?
) 2f ' 2f :
(2a-5b) (a+bSinh[e+fx]2)>? sechle+fx]? (a+bSinh[e+fx]2)%?
6(a b)f ' 2(a-b)f

Result (type 3, 614 leaves):

JZa—b+bCosh[2 (e+fx>] (bCosh[Z (e+fx)]  (a-b) Sech{eﬂcxwz)

62 242 .
.F
2 107 b? \J2a-bsbCosh[2 (e+fx)]
1 (12\Ea 40+/2 ab+ zﬁ) Ar‘cTanh[ —— ] )
12 f vV2a-2b
39 b2
4~/2 |6+/2 ab-

2a-b+bCosh[2 (e+fx”
(1+COSh[e+'FX])
22

(1+Cosh[e+1‘:x])2

\/(a—ZaTanh[% (e+1cx)]2+4bTanh[l (e+-FxH2+aTanh[l <e+fx)]4J /

2 2

(\/Za—b+bCosh[2 (e+fx)]

+

el

2a-b+bCosh|2 (e+-Fx)]
(1+Coshle+fx])
<1+Cosh[e+1‘:x])2

4b—4bTanh[1 <e+-Fx)]2J
2

[1/ [ﬁmb\/Za—b+bCosh[2 (e +Fx)] (—1+Tanh[

N B —

13 b?
(2\/7ab—
2+/2

bLog[a—b—aTanh[1 (e+-Fx>]2+bTanh[
2

N |

(e+-Fx)]2+

2 2

\/ﬁ\/4bTanh[1 (e+-FxH2+a (—1+Tanh[1 (e+fx>}2]2]

[71+Tanh[§ (e+fx”2] JrLog[lJrTanh[1 (e+fx)]2] {bbeanh[1

, 2(e+fo2

2+a-b \/4bTanh[

N |-

(e+-FxH2+a [71+Tanh[

(e+-FxH2]2

N |-



106 | Mathematica 11.3 Integration Test Results for 6.1.7 hyper~m (a+b sinh”~n)”~p.nb

Problem 470: Result more than twice size of optimal antiderivative.

J(a+bSinh[e+-Fx]2)3/2Tanh[e+Fx] dx

Optimal (type 3, 90leaves, 5steps):

+ i + 2
(a-b) > ArcTanh [ 222 B8] ) fa bsinhie+fx]2  (a+bSinhle+fx)2)>2
+

- +

f f 3f

Result (type 3, 590 leaves):

bCosh|[2 (e+fX) | \/2a7b+bCosh[2 (e+Fx)]

+

62 f
12+/2 a2-22+/2 ab+ 2 Ar‘cTanh[\/“’b*bc“h[2 erf)] ]
1 _( zﬁ) J2a b .
12 V2a-2b
2 2a-b+bCosh|2 f
4-/2 6\/7ab—21b (1+Cosh[e+fx]) a~or os[ (e+ XH
22 (1+Coshle+fx])?
1 2 1 2 1 4
\/(aZaTanh[(e+-Fx)] +4bTanh[7(e+FxH +aTanh[7<e+-Fx)] J /
2 2 2
(\/Za—b+bCosh[2(e+fx)] 4b—4bTanh[l<e+fx)]2]]+
2
(1/ [\/Tx/a—b b\/Za—b+bCosh[2 (e+1cx)] (—1+Tanh[l(e+fx)]2)])
2

2 2a-b+bCosh|2 f
(Z\Eab— 7b ] (1+Cosh[e+fx]) 2 M { (e+ X)]
2+/2. (1+Coshle+fx])?

bLog[a—b—aTanh[l (e+1‘:x>]2+bTanh[l (e+1:x)]2+
2 2

2 2

\/ﬁ\/4bTanh[1 (e+fx>]2+a (_1+Tanh[l (e+fx>]2]2]

(—1+Tanh[ (e+fx)}2] +Log[1+Tanh|

N |

2 1 2
(e+-Fx)] ] [b—bTanh[g(eJrfx)] -

N |

2+v/a-b \/4bTanh{§ (e+-FxH2+a [—1+Tanh{§ (e+-FxH2)2
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Problem 474: Result unnecessarily involves imaginary or complex numbers

J(a+bSinh[e+-Fx]2)3/2Tanh[e+Fx]4d1x

Optimal (type 4, 305leaves, 8steps):

(3a-8b) Cosh[e+fx] Sinh[e+fx] \/a+bSinh[e+1‘:x}2
3f

b
(8 (a-2b) EllipticE[ArcTan[Sinh[e +fx]], 1- —| Sech[e + f x] \/aerSinh[eH‘:x]2
a

/

+

31C\/Sech[eﬂcx]z (a+bsinh[e+fx]?)
a

b
((Ba—Sb) EllipticF [ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx] \/aerSinh[eH‘:x]2
a

/

31C\/Sech[e+1‘:x]2 (a+bsinh[e+fx]?) 8 (a-2b) \/a+bSinh[e+fx}2 Tanh[e + f x]
+ +
a 3f

(a-2b) Sinh[e+-Fx}2\/aerSinh[eJr-Fx]2 Tanh[e + f x]
.F
Result (type 4, 224 leaves):
2a-b+bCosh|2 f
321‘1a(a2b)\/ a-brbCosh[2 e+ fx)] b

EllipticE[i (e+fx), — |+
a a

(a+bSinh[e+Fx]2)3/2Tanh[e+-Fx]3
3f

2a-b+bCosh[2 (e+f
4]'1a(5a8b>\/ a-brbCosh[2 (e £x)] Ellip‘ticF[j(eJr'Fx),E
a a

] -

(32a°-108ab+18b%+ (64a>-160ab+17b?) Cosh|[2 (e+fx)] +
4+/2

2 (6a-17b) bCosh[4 (e+fx) | -b’Cosh[6 (e+fx)])

Sech[e +fx]2Tanh[e + fX] /(IZ-F\/Za—berCosh[z (e+1:x)])

Problem 475: Result unnecessarily involves imaginary or complex numbers.

J(a+bSinh[e+-Fx]2)3/2Tanh[e+Fx]2d1x

Optimal (type 4, 260 leaves, 7 steps):
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4bCosh[e+fx] Sinh[e +fx] \/a+bSinh[e+1‘:x}2
3f

/

b
((7a—8b) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+Fx]2
a

+

3{\/Sech[e+-Fx]2 (a+bsinh[e+fx]?)
a

/

b
((3a—4b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+Fx]2
a

+

_F\/Sech[e+-Fx]2 (a+bsinh[e+fx]?)
a

(7a-8b) \/a+bSinh[e+1“x]2 Tanh[e + fx] (a+bSinh[e+Fx12)3/2Tanh[e+fx]

3f f

Result (type 4, 188 leaves):

2a-b+bCosh|2 f
_sja(7a—8b)\/ 2-brbCosh[2 e+ fx)] EllipticE[i (e+-Fx),E}+

a a

2a-b+bCosh|2 f
32ia(a-b) \/ 2-b+bCosh[2 e+ fx)] EllipticF[i (e+fx), E] +
a a

V2 (-24a®+40ab-13b%>-4 (2a-3b) bCosh[2 (e+fx)]| +b?Cosh[4 (e+Fx)])

Tanh[e + f x] /(24-F\/2a—b+bCosh[2 (e+fx)])

Problem 477: Result unnecessarily involves imaginary or complex numbers.

JCo‘ch[eJrfx]2 (a+bSinh[e+Fx]2)3/2d1X

Optimal (type 4, 256 leaves, 7 steps):
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3/2

/

4bCosh[e+fx]Sinh[e+fx] \/a+bSinh[e+1‘:x}2 Coth[e+fx] (a+bSinh[e+fx]?)
3f p

b
((7a+b) EllipticE [ArcTan[Sinh[e+fx]], 1- —| Sech[e + f x] \/a+bSinh[e+fx}2
a

+

3{\/Sech[e+-Fx]2 (a+bsinh[e+fx]?)

a

b
((3a+5b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+Fx]2
a

/

-F\/Sech[eJr-Fx]z (a+bsinh[e+fx]?) (7a+b) \/aerSinh[e+-Fx}2 Tanh[e + f x]

+

a 3f
Result (type 4, 184 leaves):

V2 (-24a*+8ab+3b%-4b (2a+b) Cosh[2 (e+fx)]| +b?Cosh[4 (e+Fx)]) Cothle+Ffx] -

2a-b+bCosh[2 (e+f
81‘1a(7a+b)\/ abrblosh[2ferfx)] EllipticE[i (e+fx),9]+
a a

2a-b+bCosh|2 f
BZja(ab)\/ a-b+bCosh|2 (e+fx)] EllipticF[j<e+-Fx),E]/
a a

(24f\/2a—b+bCOSh[2 <e+fx)] )

Problem 478: Result unnecessarily involves imaginary or complex numbers.

JCO‘u:h[eﬂ‘:x]4 (a+bsSinhle+fx]?)%?dx

Optimal (type 4, 306 leaves, 8 steps):
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(a+b) Coshle+fx]2Coth[e+fXx] \/a+bSinh[e+1‘:x}2
- +

.F

(3a+5b) Cosh[e+fx] Sinh[e+fx] +/a+bSinh[e+Fx]?
3f
Cothle + fx]3 (a+bSinh[e+-Fx]2)3/2
3f )

b
(8 (a+b) EllipticE |[ArcTan([Sinh[e+fx]], 1- —| Sech[e + fX] \/aerSinh[eJr-Fx}2
a

/

Sech[e+fx]? (a+bSinh[e+fx]2)
3f N
a

/

b
((33+b) (a+3b) EllipticF[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f ] \/aerSinh[eJr-Fx}2
a

Sech[e+fx]? (a+bSinh[e+fx]2) 8 (a+b) \/a+bSinh[e+-Fx}2 Tanh[e + f x]

3af +
a 3f
Result (type 4, 368 leaves):
2a-b+bCosh|2 f
Lz | |]i(3ai6ab b?) | 220 osh|2 fe+ £x)] EllipticF[j(ewx),E}/
3f a a

(ﬁ\/zafwaosh[Z (e fx)] ) 7%

ZﬁaJ“b*bc"sz[z(e*”” EllipticE[i (e+fx), g}
i(4ab+4b?) _
\/Za—b+bCosh[2 (e+-FxH

a

\/7 (2a7b> \/2ab+bCosh[2 (e+fx) 1 ElliptiCF[]l (e+'FX>, g}

- | =

\/Za—b+bCosh[2 (e+Fx”

\/Za—b+bCosh[2 (e+fx)]

w | N

(\/?aCosh[eJrFx} ++/2 bCosh[e+fx]| Csch[e+fx] -

aCothle+fx] Cschie+fx]2 bSinh[2 (e+fx)]

+

342 62
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Problem 485: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + fx]*

dx

Ja+bsinh[e+fx]?

Optimal (type 4, 219leaves, 5steps):

b
- (2 (2a-b) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+1"x]2
a

/

3 (ab)zf\/Sech[eH‘:x]2 (a+bSinh[e+foz>
a

b
((3a—b> EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+1°x}2 )/
a

+

3 (ab)z_‘:\/Sech[eJrFx]2 (a+bSinh[e+FX]2>
a

Sech[e+-Fx}2\/a+bsinh[e+1‘:x}2 Tanh[e + f x]
3(a-b)f

Result (type 4, 206 leaves):

2a-b+bCosh[2 (e+f
41’1a(2ab)\/ a-brbCosh[2 fe- £x)] EllipticE[i (e+fx), 9}+
a a

2a-b+bCosh[2 (e+f
2ia(a-b) abrblosh[2 e fx)] EllipticF[i (e+‘FX>,E]771
a a V2

(2 (4a*>-3ab+b?) Cosh|[2 (e+-Fx)] +(2a-b) (2a+b+bCosh[4 (e+fx”>)

Sech[e +fx]2Tanh[e + f x] /(6 (a—b)zf\/Za—b+bCosh[2(e+fx)])

Problem 486: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + f x]?

dx

Ja+bsinh[e+ fx]?

Optimal (type 4, 156 leaves, 6 steps):
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b
- [EllipticE[Ar‘cTan[Sinh[e+-Fx]}, 1- f] Sech[e + f x] \/a +bSinh[e+fx]?
a

/

: b)f\/Sech[eﬂcx}z(a+bSinh[e+fx]2)
a7

a

b
(EllipticF[Ar‘cTan[Sinh[e+Fx1], 1- —] Sech[e+fx] \/a+bSinh[e+1:x12 )/
a

( b)f\/Sech[emcx}z(a+bSinh[e+fx]2)
a7
a

Result (type 4, 109 leaves):

\/2ab+bCosh[z(e+fx)] b
-2ia

EllipticE[i (e+fx), —] +
a a

V2 (-2a+b-bCosh[2 (e+fx)]) Tanh[e + f x] /(2 (a-b) fo/2a-b+bCosh|2 <e+'FX)])

Problem 488: Result unnecessarily involves imaginary or complex numbers.

Coth[e + fx]?

dx

\/aerSinh[eJr-Fx}2

Optimal (type 4, 207 leaves, 6 steps):

Coth[e + f x] \/a+bsinh[e+1“x12
af

b
(EllipticE[Ar‘cTan[Sinh[e+fx}], 1- —] sechfe+fx] \/a+bSinh[e+1Cx}2 J/
a

+

1:\/Sech[eﬂfx]z (a+bsinh[e+fx]?)
a
a

b
(EllipticF[Ar‘cTan[Sinh[e+fx}], 1- —] sechfe+fx] \/a+bSinh[e+1Cx}2 )/
a

1:\/Sech[eﬁcx]z (a+bsinh[e+fx]?) \/a+bSinh[e+1‘:x12 Tanh[e + f x]
a +

a af

Result (type 4, 105leaves):
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2 (—2a+b—bCosh[2 (e+fx>]) Coth[e + fx] -

2a-b+bCosh[2 (e+fx) | b
2ia EllipticE[i (e+fx), —] /
a a

(Zaf\/Za—b+bCosh[2 (e+fx)] )

Problem 489: Result unnecessarily involves imaginary or complex numbers.

Coth[e + fx]*

dx

\/a+bSinh[e+1“x}2

Optimal (type 4, 285 leaves, 7 steps):

2 (2a-b) Coth[e+fx] \/a+bsinh[e+fx]?
3a2f

Coth[e + f x] Csch[e+1cx]2\/a+bSinh[e+1°x]2
3af

b
(2 (2a-b) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+1Cx]2
a

/

+

5 21‘:\/Sech[emcx]z (a+bsinhle+fx]2)
a

a

b
((Ba—b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+-Fx]2 )/
a

+

Sech[e+fx]? (a+bSinh[e+fx]2) 2 (2a-b) \/a+bSinh[e+1‘x]2 Tanh[e + f x]
3a’f
a 3a%f

Result (type 4, 357 leaves):
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%\/Za—berCosh[z <e+-Fx)]

[(Z\EaCosh[eJrFx] +\/7bCosh[e+-Fx}) Cschle + fx] Coth[e + fx] Cschle + fx]2

3 a2 34/2 a
2a-b+bCosh|2 f
Lo |- J'l(3a23ab+b2)\/ B ElliptiCF[ﬂ<e+fx)’E}/
3a%f a a
(\/?\/Za—b+bCosh[2 (e+fx)]) —i
Z\EaJ“b*bC“Tz(e*‘cx” EllipticE[i (e+fx), 5
i(2ab-b?) -

\/Za—b+bCosh[2 (e+fx)]

a

\/? (2a7b) \/2ab+bCosh[2 (e+fx) ] ElliptiCF[J'l (e+‘FX>, 5}

\/2a7b+bCosh[2 (e+fx)]

Problem 496: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + fx]*
J( dx

a+bSinh[e+Fx]2)3/2

Optimal (type 4, 275 leaves, 6 steps):
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_ [\/?\/F (7a+b) Cosh[e+fx] EllipticE[Ar‘cTan[\/anl;_[eﬂcx] |, 1- 3]
a

/

aCosh[e +f x]?
3(a-b)’f e TX1°  faibsinhje«fx)? ||+
a+bSinh[e+fx]?

/

b
((3a+5b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+-Fx]2
a

3(‘_:]_lr))3-':\/Sech[e+-Fx]2(a+bSinh[e+-Fx]2) )
a

4aTanh[e +fx] Sech[e + fx]2 Tanh[e + f x]
+

3(a-b)2f-Ja+bsinh[e+fx)2 3 (a-b)f+/a+bSinhle+Fx]?

Result (type 4, 212leaves):

2a-b+bCosh[2 (e+f
211a(7a+b)\/ abrbCosh|2 e+ fx)] E111pticE[j(e+fx),9}+

a a

2afb+bCosh[2(e+Fx” b 1
8ia(a-b) EllipticF[i (e+fx), —] - e
a 242
)

a
(8a2+21ab—5b2+4(4a2+3ab+b2) Cosh[z (e+Fx” +b (7a+b Cosh[4 <e+fx)])

Sech[e +fx]2Tanh[e + f X] /(6 (a—b)3-F\/2a—b+bCosh[2(e+fx)])

Problem 497: Result unnecessarily involves imaginary or complex numbers

Tanh[e + f x]?
j dx
(a+bsinh[e+fx]2)*?

Optimal (type 4, 217 leaves, 5steps):
2+/a Vb Cosh[e+fx] EllipticE[ArcTan| @rﬁ&—fﬂ] ,1- 3]
N

—aCoshiesfx® [5, hsinh(e s fx]>

(a-b)*f
a+b Sinh[e+f x]?

/

b
((a+b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + f x] \/a+bSinh[e+fx}2
a

Tanh[e + f X]

a(a—b)z \/Sech[eJrFx]z(a+bSinh[e+-Fx]2) )
2 (a-b) f+/a+bSinhle+fx]?
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Result (type 4, 158 leaves):

2a-b+bCosh|2 f
_21'1\/7a\/ a-brbCosh[2 (e fx)] EllipticE[i (e+fx), E} +
a a

2a-b+bCosh|2 f
iv2 (a—b)\/ a-b+bCosh| (e X)] EllipticF|i (e+fx), E} -
a a

2 (a+bCosh[2 (e+fx)]) Tanh[e+fx] /((a—b)zf\/4a—2b+2bCosh[2 (e+fx)})

Problem 499: Result unnecessarily involves imaginary or complex numbers.

Coth[e +fx]?
j dx
(

a+bsSinhle+fx]2)*?

Optimal (type 4, 237 leaves, 7 steps):

Cothle + f x] 2 Coth[e + f x] \/aerSinh[eﬂ‘:x]2

azf

af~/a+bsinh[e+fx]2

b
(2 EllipticE [ArcTan[Sinh[e+fx]], 1- —| Sech[e + fx] \/a +bSinh[e+ fx]?
a

/

+

Sech[e+fx]%2 (a+bSinh[e+fx]?
aZFJ [ 1% [ 1%)
a

/

21c\/Sech[e+1‘x]2 (a+bsSinh[e+fx]?) 2\/a+bSinh[e+1‘:x]2 Tanh[e + f x]
a +

a af

b
(EllipticF[Ar‘cTan[Sinh[e+fx}], 1- —] sechfe+fx] \/aerSinh[eJrfx}2
a

Result (type 4, 153 leaves):
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-2 (a—b+bCosh[2 (e+-Fx>]) Coth[e + fx] -

2a-b+bCosh|2 f
zjﬁa\/ a-b+bCosh[2 (e+x)] EllipticE[i (e+fx), E] +
a a

2a-b+bCosh[2 (e+f
jﬁa\/ a-b+bCosh|2 e+ fx]] EllipticF[i (e+'FX),E]/

a a

(aZfJ4a72b+2bcosh[2 (e+x)] )

Problem 500: Result unnecessarily involves imaginary or complex numbers.

Coth[e + fx]*
J( dx

a+bSinh[e+Fx]2)3/2

Optimal (type 4, 341 leaves, 8steps):

(a-b) Cothle+fx] Cschle+fx]> (7a-8b) Coth[e+fx] \/a+bSinh[e+fx}2

- - +

3
abf-fa+bsinh[e+fx]? 3a°f

(3a-4b) Coth[e+fx] Csch[le-Fx]z\/a+bS.inh[e+-Fx]2
3a’bf

b
((7a—8b) EllipticE|[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+1Cx]2
a

/

+

Sech[e+fx]? (a+bSinh[e+fx]2?)
3a’f
a

b
((3a—4b) EllipticF |[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+1Cx]2
a

/

5 3{\/Sech[e+fx]2 (a+bsinhle+fx]2) (7a-8b) \/a+bsinh[e+1‘x]2 Tanh[e + f x]
a

+

a 3a3f

Result (type 4, 441 leaves):
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1
3a3f

2a-b+bCosh[2 (e+f
. j[3ﬁaz_15ab+4ﬁbz}J a-brbCosh[2 (e+fx)] EllipticF[i (e+fx),9]/
NS a a

(\/7\/2a—b+bCosh[2 (e+-FxH ) o

2b

Z\Ea\/zab*bc"sz[z (exfx)] EllipticE[j (e+fx), s]

ﬂ4V7b2J 7
NeY \/2afb+bCosh[2(e+-Fx)]

i

a

\/7 <2a—b) \/2ab+bCosh[2 (e+fx) ] ElliptiCF[]ll (e+‘FX), 5]

|

\/Za—b+bCosh[2 (e+fx)]

(-4ﬁaCosh[e+fx] +5v7bCosh[e+fx]) Cschle + f x]

\/2a—b+bCosh[2 (e+fx)] 3
6a

Coth[e+fx] Csch[e+fx]2 -2 abSinh[2 (e+fx)]|++/2 b2Sinh[2 (e+fx)]
.
34/2 a? 2a%* (2a-b+bCosh[2 (e+fx)])

Problem 507: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + fx]*
j dx
(

a+bsSinhle+fx]?)%?

Optimal (type 4, 333 leaves, 7 steps):
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b (5a+3b) Coshle+fx]Sinh[e+fx]

3 (a-b)’>f (a+bSinhfe+fx]2)??

(S\EW (a+b) Cosh[e+fx] EllipticE[Ar‘cTan[WSirl/h_[eJrfx} |, 1- E}J/
a

aCosh[e+fx]2

3(a-b)*f \/aerSinh[e+-Fx]2 +

a+bSinh[e+fx]?

((3a+b> (a+3b) EllipticF[ArcTan[Sinh[e+fx]], 1—9] Sech[e + fx] \/a+bSinh[e+1‘:x}2 )/
a

., (afb)“F Sech[e+fx]? (a+bSinh[e+fx]2) .
a

2 (2a+b) Tanh[e + fx] Sech[e+fx]2Tanh[e + f x]
+
3(a-b)?f (a+bSinhe+fx]2)*? 3 (a-b)f(a+bSinhfe+fx]2)??

Result (type 4, 479 leaves):
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2a-b+bCosh[2 (e+Fx”

V2 o|- j<3a2+6ab—b2)\/ EllipticF|[i (e+fx),9}/

3(a-b)*f a a

(\/?\/ZaberbCosh[z (e+fx)] ) o

2b

ZﬁaJ“b*bc"sz[z(e*“” EllipticE[i (e+fx), f}
i (4ab+4b2) _
\/Za—b+bCosh[2 (e+-FxH

a

V2 (Zafb> \/2ab+bCosh[2 (e+fx) ] ElliptiCF[]l (e+'FX>, S}

+ R

\/2a7b+bCosh[2 (e+Fx”

2Sech[e + f x] (ﬁaSinh[ewa] +\Eb$inh[e+-Fx]

3(a-b)*

J2a7b+bCosh[2 (e+fx)]

\EabSinh[Z (e+~FxH

3(a-b)>(2a-b+bCosh[2 (e+fx)])?

2 (\EabSinh[z (e+fx)]++/2 b2sinh[2 (eﬂcx)}) Sechle+ fx]2Tanh[e + f x]

+

3(a—b>4(2a—b+bCosh[2(e+-Fx)]) 3\/?(a—b>3

Problem 508: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + fx]?
J( dx

a+bSinh[e+Fx]2)5/2

Optimal (type 4, 274 leaves, 6 steps):
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4bCosh[e+ fx] Sinh[e + f x]
3(a-b)?f (a+bSinh[e+fx]2)??

+/b sinhle+fx] a
b Sinh[e+f x ]) 1_2]

Vb (7a+b) Cosh[e+fx] E1lipticE|[ArcTan|
a
V N

_ 3 aCosh[e+fx]? . 2
3va (a-b)°f Q—Lawsinh[mfx]z \/a+b51nh[e+1°x}

b
(3a+5b) EllipticF[ArcTan[Sinh[e+fx]], 1- —| Sech[e + f x] \/a+bSinh[e+1Cx]2

/

a

., (afb)3-F Sech[e+fx]? (a+bSinh[e+fx]2) ) Tanh[e + f x]
(a-b) f (a+bSinh[e+fx]2)>?

a

Result (type 4, 215leaves):
[Zjaz (7a+b) [2a—b+bCosh[2 (e+fx)]
a

3/2

EllipticE[i (e+fx), —] +
a

a

2a-b+bCosh[2 (eJr-FXH]B/ZEll' ticF[i (e +fx), —] 1
ipticF[i (e+fx), —| - —
V2

81ia? (a—b)
a
(24a°-4a’b+5ab’-b’+4a (11a-3b) b Cosh|2 (e+fx” +b? (7a+b) Cosh[4 (e+fx>])

Tanh[e + f x] /(Ga (a-b)>f (2a-b+bCosh[2 (e+fx)])3/z)

Problem 510: Result unnecessarily involves imaginary or complex numbers

Coth[e + fx]?
J dx
(a+bsinhfe+fx]2)*?

Optimal (type 4, 351 leaves, 8 steps):
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Cothle + f x] (3a-4b) Coth[e+fx]
N

3af (a+bsinhfe+fx]?)*? 3a% (a-b) F\/a+bSinh[e+-Fx]2

(7a-8b) Coth[e+ fx] \/a+bSinh[e+fX]2
3a° (a-b) f

b
((7a—8b) EllipticE [ArcTan([Sinh[e+fx]], 1- —| Sech[e + fx] \/a+bSinh[e+Fx]2
a

/

+

333 (a7b> _F\/Sech[e+fx]2 (a+bSinh[e+fX]2)

a

/

b
((3a—4b) EllipticF [ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/a+bSinh[e+1Cx]2
a

+

333 (a—b) 1C\/Sech[e+fx]2 (a+bSinh[e+FX]z)

a

(7a-8b) \/a+bSinh[e+fx]2 Tanh[e + f x]
3a% (a-b) f

Result (type 4, 226 leaves):

(24a3—6832b+69ab2—24b3+

vz
4b (11a*>-19ab+8b?) Cosh[2 (e+fx) ]|+ (7a-8b) b>Cosh[4 (e+fx)]) Cothle+fx] -
~b+bCosh f 32
2a-brblosh[2 [exfx)] EllipticE[j(e+-Fx>,E]+
a

/

2ia’(7a-8b) [

a

o)

a

8147 (a-b] 2a-b+bCosh[2 (e+fx”

3/2
J EllipticF[i (e+fx),

a

(6a3 (a-b) f(2a-b+bCosh|2 (e+FX”>3/2)

Problem 511: Result unnecessarily involves imaginary or complex numbers.

dx

J Coth[e + fx]*
(

a+bSinhle+fx]2)*?

Optimal (type 4, 385leaves, 9steps):
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(a-b) Cothle+fx] Cschle+fx]?

3abf (a+bsSinhfe+fx]2)*?

2 (a-3b) Coth[e+fx] Csch[e+fx]? 8 (a-2b) Cothle+fx] \/aerSinh[eﬂ‘:x]2
- +

3a%f

3a2b-F\/a+bSinh[e+1Cx]2

(3a-8b) Coth[e+fx] Cschle+fx]2:/a+bSinh[e+fx]?2

3a3bf

b
(8 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- —] Sech[e + fx] \/anbSinh[e+-Fx]2
a

/

+

3a4f\/5ech[e+fx]2 (a+bsinh[e+fx]?)

a

b
((Ba—Sb) EllipticF [ArcTan([Sinh[e+fx]], 1- —| Sech[e + fx] \/anbSinh[e+-Fx]2
a

/

5 41:\/Sech[e+1‘:x]2 (a+bsinh[e+fx]?) 8 (a-2b) \/aerSinh[e+-Fx]2 Tanh[e + f x]
a

+

a 3a%f

Result (type 4, 247 leaves):

i [iib (8a®-63a’b+92ab>-40b°-2 (8a’>-38a’b+63ab’-30b*) Cosh[2 (e+fx)] -
V2
b (13a*-36ab+24b?) Cosh[4 (e+fx)]| -2ab?Cosh[6 (e+fx)]| +4b3

2a-b+bCosh|2 (e+fx” 3/2

|/

Cosh[6 (e+fx)]|) Coth[e+fx] Csch[e+fx]?+2a’b

a

(8 (a-2b) EllipticE[i (e+fXx), E} +(-5a+8b) EllipticF[i (e+fx), E]]
a a

(6;34b1C (2a-b+bCosh|2 (e+fx>]>3/2)

Problem 512: Unable to integrate problem.

J(a+b51nh[e+fx}2)P (dTanh[e+fx])"dx

Optimal (type 6, 122 leaves, 3 steps):

1+m 1+m 3+m . , bSinh[e+fx]2
AppellF1| s y -P) , -Sinh[e+fx)?, - ———]
df (1+m) 2 2 2 a
Lom bSinh[e+fx]2)P
(Cosh[e+fx]?) 2 (a+bSinh[e+fx]?)P 1+# (dTanh[e+fx])1”“

a

Result (type 8, 27 leaves):
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J(aerSinh[ewa]z)ID (dTanh[e+fx])"dx

Problem 513: Unable to integrate problem.

J(a+bSinh[c+dx]2)pTanh[c+de3d1x

Optimal (type 5, 110leaves, 3 steps):
a+bSinh[c+dx]?
]
a-b

Sech[c +dx]?2 (a+bSinh[c+dx]2)1+ID

- [[(a—b (1+p)) Hypergeometric2F1[1, 1+p, 2+p,

(a+b51nh[c+dx12)“’)/ (2 (a-b)*d (1+P))] i 2(a-b)d

Result (type 8, 25leaves):

J(a+bSinh[c+dx]2)pTanh[c+de3d1x

Problem 514: Unable to integrate problem.
J(a+b$inh[c+dx]2)pTanh[c+dx} dx
Optimal (type 5, 63 leaves, 2 steps):

a+bSinh[c+dx]?

a-b

- ([Hypergeometr‘icZFl[l, 1+p, 2+p, | (a+bsinh[c +dx]2)1+p]/

(2 (a-b)d(1+p))

Result (type 8, 23 leaves):

J(a+bsinh[c+dx]2)pTanh[c+dx] dx

Problem 516: Unable to integrate problem.

JCoth[c+dx]3 (a+bsinh[c+dx]?)Pdx

Optimal (type 5, 94 leaves, 3 steps):
Csch[c+dx}2<a+bSinh[c+dx]2)1*p 1

) 2ad _2a2d(1+p)

bSinh[c+dx]?

(a+bp) Hypergeometric2F1[1, 1+p, 2+p, 1+ | (a+bSinh[c+d x]z)hp

a
Result (type 8, 25leaves):

JCoth[c+dX]3 (a+bsinh[c+dx]?)Pdx



Mathematica 11.3 Integration Test Results for 6.1.7 hyper”~m (a+b sinh”~n)”~p.nb | 125

Problem 517: Unable to integrate problem.

J(a+bsinh[c+dx]2)pTanh[c+dx]4d1x

Optimal (type 6, 103 leaves, 3 steps):

1 5 5 7 . , bSinh[c+dx]? 5
prpellFl[f, —, -p, —, -Sinh[c+dx]*%, ——} Cosh[c +dx]
5d 2

2 2 a
bSinh[c+dx]2)P

Sinh[c+dx]* (a+bSinh[c+dx]?)? |1+ Tanh[c +dx]

a

Result (type 8, 25leaves):

J(a+b$inh[c+dx]2)pTanh[c+dx14d1x

Problem 518: Unable to integrate problem.

j(a+bsinh[c+dx]2)pTanh[c+dx]2d1x

Optimal (type 6, 103 leaves, 3 steps):

1 3 3 5 . , bSinh[c+dx]?
prpellFl[f, -, -p, —, -Sinh[c+dx]*, - ————
3d 2

| \/Cosh[c+dx]?
2 2 a

-P

bSinh[c+dx]
—— | Tanh[c+dXx]

Sinh[c+dx]? (a+bSinh[c+dx]?)? |1+

a

Result (type 8, 25leaves):

J(a+bSinh[c+dx]2)pTanh[c+de2d1x

Problem 519: Unable to integrate problem.

JCo‘ch[c+dx]2 (a+bsinh[c+dx]?)”dx

Optimal (type 6, 99 leaves, 3 steps):

1 1 1 1 . , bsSinh[c+dx]?
—*AppellFl[—f, -—, -p, —» -Sinh[c+dx]*, - ———
d 2 2 2 a

bSinh[c +dx]
ik At B

| \/Cosh[c+dx)?

-p
Csch[c+dx] Sech[c+dx] (a+bSinh[c+dx]?)P [1

a

Result (type 8, 25leaves):

JCoth[c+dx]2 (a+bsinh[c+dx]?)Pdx
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Problem 520: Unable to integrate problem.

JCo‘ch[Cerx]4 (a+bsinh[c+dx]?)Pdx

Optimal (type 6, 103 leaves, 3 steps):

1 3 3 1 . , bSinh[c+dx]?
—prpellFl[—f, -—, -p, -—, -Sinh[c+dx]°, - ——————
3d 2 2 2 a

bSinh[c+dx]?

| \/Cosh[c+dx)]?

P
Cschlc+dx]?Sech[c+dx] (a+bSinh[c+dx]?)" |1+

a

Result (type 8, 25leaves):

JCoth[c+dx]4 (a+bsinh[c+dx]?)?dx

Problem 521: Result is not expressed in closed-form.

Coth[x]3

J gk
a+bSinh[x]3

Optimal (type 3, 152 leaves, 12 steps):

2/3 a/3-2bY/3 Sinh[x] .
b2/2 ArcTan| J3 | Cschix)? Log[sinhx]] b*3Log [a¥/? + b'/2 Sinh[x] |
- . -

\/3 a%/3 2a a 3 35%/3

b?/3 Log[a?/3 - a3 b1/3 Sinh[x] + b?3Sinh([x]?] Log[a+bSinh([x]?]

+

6a°/3 3a
Result (type 7, 162 leaves):

-L(SRootSum[-m3bn12+8an13_3bn14+bn16 &,
24 a

(-bx+blog[e*-nl] +4axn1®-4alog[e*-nl] #1®-3bxul*+3bLlog|e* -n1] n1*) /
X

(b-2bm1?-4anl’®+bul?) &| +3 [8x+Csch| }2—8Log[sinh[x}] —Sech[i]z)]
2 2

Problem 522: Result more than twice size of optimal antiderivative.

Coth[x]

dx
r/a+bSinh[x]3

Optimal (type 3, 28 leaves, 4 steps):

2 ArcTanh [ "’”bﬁhm} }
a

3+/a
Result (type 3, 66 leaves):
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. 3/2 3
24/b Arcsinh[ acshint] [ eeacsenic
b

3+/a Csch[x]¥*2+/a+bSinh[x]3
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Summary of Integration Test Results

525 integration problems

A - 358 optimal antiderivatives

B - 28 more than twice size of optimal antiderivatives
C - 72 unnecessarily complex antiderivatives

D - 65 unable tointegrate problems

E - 2integration timeouts



